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ABSTPACT 

This yearbook focuses on the teaching of a geoietry 
course emphasizing critical thinking and methods of proof rather than 
on learning a body of theorens. In the first chapter the problen is 
defined, and its origin and background are discussed. Next the 
organization of the experiaental situation is described, chapter 3 
gives numerous illustrations of procedures and classroon incidents. 
The students, with guidance when appropriate, determined undefined 
terms, definitions, and assumptions. No textbook was used, and 
students were given much individual responsibility. Kuch work was 
devoted to studying the use of logical arguments in nonmathenatical 
situations. Chapter 4 summarizes much of the geometric content 
studies in the course. Chapter 5 is devoted to evaluation, which 
consisted of tests, evidence of transfer to other situations, and 
reports by pupils, parents, teachers, and other observers. After a 
short summary, th« appendix contains some tests used and samples of 
student essays on proof. (LS) 
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KDITDK'S I'KKI-AC'I-: 

THIS is tho thli'tornth of a Avv'wa of ^Varl)()ok8 which the 
National rounrii of 'I\ i\ihi'r8 of Malhoniatirs bogan to 
|)ul)h\sh in 1926. 'l\\v liili'sof Jk' lirst twelve W-arhooks are 
Uii follows: 

I. A Smvoy of ProKivss in ilu' Past Twi'Miy-I-'ivc Years, 
a. Curriculum I'roMems in 'IViuhinn Mathematics. 
.V SeleeU'il Topiis in the TeacliiuM of Mathemalies, 

4. .Si,nniliriml ("han^e-s ami Treails in the 'IVaihinu of Maihtf- 
maiies llirouKhout the World Sinre Hjio. 

5. The Teaehinn of (leonietry. 

6. Mathematies in Moilern Life. 
, 7. The Teaehinfj of Al'U'hra. 

«. The TeachiMK of Maiheiiiatiis in the Secondary .School. 
l<i'lational and l-unctional Thinking in Maihematics. 

10. The Teachinn of Ariihnu-iic, 

11. The Place of MailuMualics In Modern Education. 

12. Approximate CVmpuiaiion, 

The present study is one in which interest has already been 
aroused all over the country through the desire of teachers to 
Imd a way not only to teach the important facts of Ki'onietry 
but also to aapiaint the pupil with the kinds of thinking one 
needs in life situations which can best be learned by a study of 
geoiiK'try. 

I wish to express niy personal appreciation as well as that 
of the National ( ouncil of Ti-achers of .Mathematics to I'ro- 
fessor H. P. Fawcett lor permitting us to iniblish this con- 
tribution t{) matlieniatical education as the 'I'hirteenth Year- 
book of till' siM'ies. 

W. 1). KlvKVlv 
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C'llAPTKK I 

ixmoDL'cTioy 

•Jliti OKNIvKAh NAll KK OF mii PROlU.IiM 

'piiKRi-: has probably ncvor hvvn a time in the history of 
X Amonoiin t>(liuMti()n when tht> tlt>vcl()pmcnt of critical 
and rt.llt.ctnv th( uuht was not rt.cr,Knizet! as a d.-sirablc 
oiitconuM.f tlu> sm.ndary sch(M)l. W ithin remit years, how- 
over, this outcome has assumed inertasinK importance and 
has had a far-rcachniK I'lWt on the nature of the rurrieulum. 
1 eachers in all areas have felt the elTect of this chanue in em- 
phasis and their general acceptance of it has been accom, 
panicd by an increasing modification of classroom ...locedures. 
I eachers of mathematics, however, luu e felt that this new 
emphasis callec for little change in their field since demonstra- 
tive genmetry has long been justified on the ground that its 
chief contribution to the general education of the youns peo- 
ple in our seconiiary schools i-. to acrp aint them with the 
lature of deductive thought and to^ive them an understaml- 
ing of what It really means to pn^ve something. While verbal 
allegiance is paid to tlu!se large general objectives related to 
the nature of prr.)f, actual classroom practice indicates that 
the mjijor emphasis is placed on a body of theo-ems to be 
learned rather than on the method by which these theorems 
are estal,lished. I he pupil feels that these theorems arc im- 
portant in themselves and in his earnest effort to "know" 
them he resorts t') memorization. The tests most commonly 
used emi,hasi/.e the importance of factual information, and 
there is little i videprc tc^ show that pupils who have studied 
demonf-trative goometry are less gullible, more logical ami 
more critical in their thinking than those who did not follow 
such a course. 

It is the purpose of this study to cicscrib.^ classroom pro- 
cedures by which geo..ietric proof may be used as a means 
or cidtivating critical and reflective thought and to evaluate 
tJie effect of such experiences on the thinking of the pupils. 
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THK OKKilN AND HACKC5ROl\Nl) OV THK PKOIU.HM 

'V\\v history of mathormitinil lulucation in thv TnltiMl States 
rcN'oals tlu' fact that clunuMistialivu gc^onutry was taught 
only in n)lloK^\s until a comparativoly rm»nt thito. Whatever 
the vahifs iUtiv hI from tho study of this 8ul)je( t may have 
hvvn thvy wore ri\^(Tvi»tl for ^ho selected group of young men 
and women who vere inverested in continuing their formal 
education beyond that oflered in the public school. However, 
as new and interesting sul)jects chiimed the attention of those 
responsible for college curricula it gradually developed that 
there was no room in these curricula for demonstrative 
geometry, while the rapid and increasing dcNclo^iment of the 
seconchiry school presented an opportunity for continued 
study of this subject.* It thus happened that by the middle 
of the ninetecMith century demonstrative geometry became a 
definite part of the high school curriculum, but with the change 
in the nuiturity of the pupils to whom this work was offered 
there occurred no fundamental change in the nature of the 
content. In considering the teaching of geometry John 
Wesley ^^)ung writes, **()ur texts in this subject are still 
patterm^d more or less closely after the model of Kuclid, who 
wr(^te over two thousand years ago, and whose text, more- 
over, was noi intended for the use of boys and girls, but for 
mature men.*'- 

It is true that teachers of mathematics recognized the 
advisability of so modifying the subject matter as to make 
it more palatable to the less mature pupils in the secondary 
schools and a number of important committees^ have studied 

• A complete and thorouj»h trcitment of the siRnificant chanRCS and trends in 
the teacninR of geometry may be found in The History of the Teaching of Eletfi.* ''- 
tary Geometry by Alvin \V. Stamper, Bureau of Publications, Teachers College, 
Columbia Tniversity, 19(19, and in Recent Developments in the Teaching of Geome- 
try by J. Shibli, Pennsylvania State College, State C^oUcro, IVnnsylvania, I9,'^2, 

^ John W esley Young, Lectures on Fundamental Concepts of iigebra and Geome* 
try, p. t. The Macmillan Co., New York-, 1925, 

* C*ommittee of Ten on Secondary School Siudie?, 1894, 
C^ommittee on College Kntrance Requirements. 1899, 
National Committee of Fifteen on Cieornetry Syllabus. 1912, 
National Committee on Mathenmtical Requirements. I92,v 
College Kntrance Examination Board. Document i()8» I92,v 
First Committee on (»eometry, 1929, 

Second C*oinniittee (Ui (»enmetry, 1930. 
Third Committee on Geometry, 1932* 
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this problem. As a rosiilt innny thoortMns luivc tllsapiwircti 
from modern texts, (lilTcrent arruiiKCMiuMits of those remainiriR 
have been .siinf»esteil, new theorems have been introdiiml, 
ami methods of teaching have channeil; but in general there 
has been no signilieanl ehango in the nature of the subject 
matter. The great majority of geometry students, regardless 
ot their interests and capacities, are recpiired to work through 
ninety or more theorems selected by the author of the |)ar. 
ticular text used in any given situation. Certain |)roperties 
of geometric figures are assumed and the student is asked to 
establish other predetermined pro|)ertles by higical proof. 

THK VAI.rivS CLAIMKI) l-OU DICMONSTHATI VK (il-OMKTRV 

*i*he- .subject matter relates to rectilinear figures, circles, 
proportion and areas. After the pui)il has covered the allot- 
ted number of theorems ami has demonstrated his ability to 
work out a number of original exerci.ses. it is assumed that 
the values to be derived from the study of demonstrative 
geometry have been added to his educational erpiipment. 
What are these values? What is the uni(iue contribution 
which demonstrative geometry makes to the general education 
of the young people in our .secondary schools? The National 
Committee on the Reorgani/alion of Mathematics In Second- 
ary Kducatioii answers this'question by saying that purposes 
of instruction in this subject are; l o exerci.se further the 
spatial imaginaticni of the student, to make him familiar with 
the great basal |)n)|)')siti<)ns and their applications, to develop 
understanding and a|)preciati<)n of a deductive proof and the 
ability to use this method of reasoning where it is applicable, 
and to form habits of precise and succinct statement, of the 
logical organization of ideas, and of logical memory."* Thi» 
important (piestion has also been disciissed by many of the 
leading teachers in the field of mathematics. While it is not 
possible to (piote all of the answers which have been made, 
sonu? of the most significant are presented here. 
^ In the I'ifth Warbook of the National Council, I'lofessor 
Reeve writes that "The purpose of geometry is to make clear 
to the pupil the meaning of demonstration, the meaning of 

♦ Nation.il Committee on Matlieni.itiral Ref|ulretnenis. The Kornanktilinn nf 
Malhemaltcs tt, Secondary FMucatton (Part i). p, 4«. I loiiKliU.n Miniiii Viu 
Boston, ig.'.v 
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ruathcnuulail prciMH'-H,, nnd llu' pli-asiiiv of (lisai\-L'rin« al)sc)- 
luti' truth. If ili'innnstrathi' uromt'try Is not taught in ordiT 
to v'tuihlc tlu! pupil to haw ihi' salislartion of provinji somi'- 
thln^r, to train him in dt'tliictivo thinking', to «lvt; him tlu; 
powi'r to provi' hi8(»\vn statements, thi'n it is not worth teach- 
injr at all."** 

in similar vein Professt)rs Mirkholf and Meatley of Harvard 
I'niversity say thai "In dumonslrativi' neomefry the em- 
phasis is on reasoninn'. . . To the e\tent that the suhjeet 
fails to ileyeloj) the power to reast)n and to yield an appreci- 
ation of seientilie melhoti in reasoning;, its fundamental value 
for purposes of instruction is lessened. "• 

The Third Conuuiltee on (ieometry of which I'rofessor 
Heatley is chairman reports that "Teachers a^ree that the 
main outcomes of demonstratiN'e geometry pertain to logical 
thinking anti wish to maintain the distinctiuti between this 
subject and infornuil geometry which emphasizes the factual 
aspects of Keomi>try. . . . There is ecpially enthusiastic re- 
sponse to the proposal that instruction in ilemonstrativc 
geometry call attention iu logical chains of theorems, to the 
Kaps in iCuclid's lojfic and lirinj; the pupil to appreciate iUv. 
nature of a mathematical system, the need of untlelined terms, 
the arbitrariness of assumptions and the possibility of other 
arranjfcmetUs of proposili(;ns than that uixen in his own 
text."' 

In discussing this problem Dr. H. (\ (MuistoflVrson says, 
]'( ieometry achie\es its hijLjhest possibilitii<s if, in aildition to 
its direct and practical usefulness, it can establish a pattern 
of reasoning; if it can de\i'lop the pf)Wi<r to think cUarly in 
^H'ometric situations, and to use the same discrimination in 
non-neometrie situations; if it can ilexelop the power to nen- 
er.ilize with caution from specific eases, ami to realize the 
force ami all-inclusiwness of di'ducti\-e stati-ments; if it can 
de\elop an appreciation of the place and function of delini- 

»\\'. n. Reeve, '"rhf TiMcliinn nf Cifoim-lry." I'iflh Vearhonk of thf iWntiiWiil 
0>u>i<il of Tradwrs t>f MullirmitlifK |i).v>. pp. \,\ 

♦lli'ri'iii.iftLT llif Vnirhmlts nf the X<ilio)tiil (V)i(>i(i/ of Tcuhrrs nf MallifnuUics 
will 1)0 rclcrtoil 10 ,is W-nrhiuik. 

• Ci. I). HirkliolTimd Uaipii Mc.itli'y, " A S'lvv Appuniclni) IClL'mciit.iry Ctome- 

liy." f-'iflh Vr'trhnnk. |i).V'. p. Xf'. 

' U.ilpli lUMilcy. "'nu! 'i'hiiii i^cpi.tt of the CDmiiiiltcc on Cioumi'liy," /Vie 
Miillifwatii \ Ti'iit lirr.WA. wv jii, Nn, <>, iij.vs. (). .VU. 
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tions and postulates In the proof of any conclusion, Rcomotric 
or non-geonu'tnc; if it can dovolop an attitude of mind which 
tends always to analyze situations, to understand their inter- 
relationships, to question hasty conclusions, to express clearly 
kTeas^''' * accurately non-geometric as well as geometric 

As a final contribution to this discussion let us consider 
the clear and forceful statement of Professor C. U Vnton 
who says, "I firmly believe that the reason we teach demon- 
strative geometry in our high schools today is to kWc pupils 
certain Ideas about the nature of proof. The great majority 
of teachers of geometry hold this same point of view. Some 
teachers may at first think our purpose in teaching geometry 
IS to acquaint pupils with a certain body of geometric facts 
or theorems, or with the applications of these theorems in 
everyday life, f)ut on second reflection they will profjably 
agree that our great purpose in teaching geometry is to show 
pupils how facts are proved. I will go still further in clarify- 
mg our aims. . . . The purpose in teaching geometry is not 
only to acquaint pupils with the methods of proving jreo- 
metric facts but also to familiarize them with that rigorous 
Tf^^^'"^'"^,''■^'^^ Professor Keyser has so aptly called 
the If-lhen kind, a type of thinking which is distinguished 
from all others by its characteristic form: If this is so, then 
that IS so. Our great aim in the terth year is to teach the 
nature of deductive proof an(l to furnish pupils with a model 
of all their ife thinking."' Professor Keyser calls this kind 
of thmking autonomous thinking" or "postulational think- 
ing and proceeds to point out that in the "Elements" of 
huchcl we find <; The most famous example of autonomous 
ttiought in the history of science."'" 

It is noticeable that in these statements concerning the 
chief contribution which the study of demonstrative geometry 
makes to the general education of young people very little, if 
any reference is made to the facts of geometry. The truth 
ot the matter is that demonstrative geometry is no longer 

n Pj'stofferson. Geomelry Professionalized for Teachers, a. 2% Geori?e 

Banta Publishing Co.. Menasha. Wis.. 193^^ ^ 

aJ.^iq^^.^P^p"".:,;'.^^'.^^'''"^ '"'^''"^ ^^°'"<=*^ya"d Life." Fifth Year. 

York!''i926^'''^'"" P- -^5. E. P. Dutton and Co.. New 
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justitu'ij on tlio Kroiiiul that it Is ruri'ssary for tlio purposo of 
,ui\'iriK sHidcnts control of useful KX'<»iiiL'tric knDwIi'dKH', sinro 
the facts of m'onu'try which may at one tinu- or another actu- 
ally scr\ c some useful |)ur|»t»se in the tIcvcIopinK life of a l)oy 
orKirl are h'arned or can be leanu-d in the junior hi^h school. 
In the " Third Ue|)oit of the Committee on (leonietry" al- 
ready (|ut)ted, the committee states, "it is generally agreed 
that the im|)ortant fm ts of .geometry can be mastercil below 
the tenth ^rade through indui'tions based on observation, 
measurement, constructions with dra'\inj>- instruments, cut- 
ting and pasting, and also through sim|)le deductions from 
the fon'KoinK inductions as well as from geometric notions 
intuitively held. "" 'i'he consensus of o|)inion therefore scenes 
to be that the most im|)ortant values to be derived from the 
study of demonstrative ^ecnietry are an accpiaintanco "with 
the nature of |)roof" and a familiarity with " postidational 
thinking" as a method of thought which is a\-ailal)Ie, not 
only in the field of mathematic;., but also "in every field of 
thought, in the |)hysical sciences, in the moral or social sci- 
ences, in all matters and situations where it is in)|)()rtant for 
men and women to ha\'c lonically or^anizeil bodies of doc- 
trine to guide them and sa\'e them from llounilering in the 
conduct of life. 

(Jl-NMPAL ACCKPT.WCIC OV TIIICSK VAl.rKS 

Tlu'se pur|)oses are recoj^niml as worthy and desirable, 
not only by teachers of niathematics but by most thoughtful 
men and women who are interested in the general education 
of young |)eo|)le. There is no disagreement concerning the 
educational \alue of any experience which leads children to 
recogni/e the nec(>ssity for elarily of definition, to weigh evi- 
dence, to look f(T the assum|)lions on which conclusions de- 
pend, and to understand what proof really means. John 
Dewey has defined rellectiw; thinking as "acti\-e, persistent 
and careful consideration of any belief or supposed form of 
knt)wle(lg(> in the light of the grounds that su|iport it and the 
further conclusions to which it tends."''' A ui in \ iew of the 

" Kalph lU'atli'V. "p. cil.. p. .^.^4. 
" (!. J. Koy<i'r, i^p. cit., p. ,^.s. 

"John Dewey. ///-a' II V think, p. (>. I ). ( . ilv.uh .irul C'd., I!i)-t<.n. njiti. 
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. stated puri)(»si>s for teachinjj di'tnonstratiw svomotry Is it not 
roasotiaJjIi! to i-xpirt that oltVctiw work in the study of this 
siihjirt should itad the pupil to iwatuino critically any ron- 
cl!>sion hc> is pressed to aceept "in the li^hi of the grounds 
that support it and the further conclusions to which it tends"? 
The "re(lecti\c thinking" of our young people should he im- 
proved through experience in analyzing situations which in- 
volve "the nature of proof." 

The C'ohnuhia Associates in Philosophy have stated that 
"The function of education, in large part, is the moulding of 
minds capable of taking and using the best that the world has 
given. Such minds must be well stored with information, free 
from prejudice, critical of new ideas presented, and fitted to 
understand the kind and quantity of proof recpu'rcd before 
they may adopt the pronouncements of the generals of the 
society of minds. "'^ While one might (piestion the use of the 
w(jrd "moulding" in connection with an educational process, 
Is there any subject in the curriculum of the secondary school 
which should make a greater contribution toward the de\el- 
opment of minds that are "fitted to understand the kind and 
((Uantity of proof required" in the acceptance of conclusions 
than that subjc.'t which has as its fundamental purpose the 
leading of the student to understand what it really means to 
provv. something? 

A( iiti;\ i;mi;\t of valuks gi ESTioNiii) 

^ The reasons which matlu-maticians offer to justify the con- 
tinued teaching of demonstrative geometry to the >-oung peo- 
ple in our secondary schools are not (juestioned so far as their 
educational value is concerned. There is, however, serious 
(juestion as to whether or not these desirable results are ac- 
tually achieved through the usual course in this subject. After 
a careful and thorough analysis of the results in the Decem- 
ber " i: very I'upil Plane (k'ometry Test" for Ohio. Dr. H. C. 
ChristofTerson writes, "The reasons gi\ en by pupils for state- 
ments often seem to disregard entirely the thought of the 
situation. Often it seems that it is mere habit that dictates 
the response, not a thought {)rocess. Pupils ha\e often use<l 

ColunilM.i A>M.i i,iri-, in I'liilo-.ipliv, An Intr,;luili-^n l.> Rrihrlhe Tlihiking. 
p. II. Hi)iiKlitt)ii Millliii t o.. Hd.-Ioii. Ujir, 
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the various theorems as reasons and with satisfaction. They 
seem in some cases to have used ihem so often without mean- 
ing that they give them as so many memorized non-sense syl- 
lal)les. Guesses would be right more often than the type of 
reasoning attempted in some casi j."** This statement would 
seem to indicate that the study of demonstrative geometry 
has not greatly improved the ability of the students to reason 
accurately even within the narrow confines of the subject. In 
view of this is it reasonable to expect that the results of such 
study will be more helpful in non-geometric situations? 

The Third Committee on Geometry, composed '^f twenty- 
six prominent teachers in the field of mathematics, prepared 
a questionnaire which raised pertinent questions concerning 
the teaching of geometry.*^ This questionnaire was sent to 
each member of the committee and also to loi of the out- 
standing teachers in Maine, Massachusetts, Ohio, Illinois, 
Minnesota, Kansas, Oklahoma and Colorado, The replies 
indicate that there is almost unanimous, agreement that 
demonstrative geometry can be io taught that it will develop 
the power to reason logically more readily than other school 
subjects, and that the degree of transfer of this logical train- 
ing to situations outside geometry is a fair measure of the effi- 
cacy of the instruction. However great the partisan bias in 
this expression of opinion, the question *Do teachers of geom- 
etry ordinarily teach in such a way as to secure transfer of 
those methods, attitudes, and appreciations which are com- 
monly said to be most easily transferable?' elicits an almost 
unanimous but soirowful *No.'"^^ 

A more vigorous statement concerning the outcomes of 
demonstrative geometry is made by Eric Bell in a recent vol- 
ume in which he writes, "A diluted sort of Euclid ... is one 
of the main-stays of American education today. It is sup- 
posed to quicken the reason, and there is no doubt that it 
does in the hands of a thoroughly competent and modernized 
teacher, who lets the children use their heads and see for them- 

IL C. Christofferfion. A State Wide Survey of the Leaning and Teaching of 
Geometry, p. 41. State Department of Education. Columbus. Ohio. I930- 

Ralph Heatley, "The Second Report of the Committee on Geometry." 
The Mathematics Teacher, Vol. xxvi. No. 6. 1933. p. 366. 

" Ralph Heat ley. ''The Third Report of the Comm e on Geometry," The 
Mathematics Teacher, Vol. xxviii. No. 6, I935« P» 33^» 
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selves exacHly how nonsensical some of the stulT presented 
as 'proof really is. . . , Uncritical reverence for the supposed 
ri^ndity of ICuclid's geometry had much to do with the retar- 
dation of projrress in close reasoning. , . , If school children 
fail to get some conception of geometry and close reasoning 
out of their course in 'geometry' they get nothing, except pos- 
sibly a permanent inability to think straight and a propen- 
sity to jump at conclusions which ncjthing in reason or sanity 
warrants."'* 

^ Xow it is probably safe to assume that the values empha- 
sized in the testing program of any sehool are those \-alues 
which receive emphasis in the classroom, and a study of com- 
monly used tests in geometry is sullicient to reveal that little, 
if any, attempt is made to measure the degree to which the 
purposes claimed for demonstrati\-e geometry are realized. 
Perhaps the tests which have the widest use are the Colli'ge 
Entrance Hoard I£xaminations, the Hreslich Ceometry Sur- 
vey Test, the Cooperative Mathematics 'i ests, and the mathe- 
matics sectio i of the Sones-Harry High School Achievement 
Test. It is claimed that together these tests are given to more 
than two million young people, which means that these stu- 
dents are being examined on the facts and skills of geometry, 
as there is little, if anything, in these tests which by any 
stretch of the imagination could be interpreted as examin- 
ing children on their understanding of "the nature of proof" 
and their ability to apply postulational thinking to "situ- 
ations outside the field of geometry." 

The chief objective of mathematical study, according to 
Voung,'^ is "to make the pupil think" and "if mathematical 
teaching fails to do this, it fails altogether." \'oung then 
continues with the following significant statement: "The 
mere memorizing of a demonstration in geometry has about 
the same educational value as the memorizing (jf a page from 
the city directory. And yet it must be admitted that a very 
large number of our pupils do study mathematics in just this 
way. There can be no doubt that the fault lies with the 
teaching. " 

" I'.ric Hell. The Search for Truth, pp. 124 126, WillianiH and Wilkins Co.. 
Baltimore, 1934. 

"John Webley Young, op. cit.. pp. 4-5, 
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The assumption which mathematics teachers arc making 
is that since demonstrative geometry offers possibilities for 
the development of critical thinking, this sort of thinking is 
fieccssarily achieved through a study of the subject. Such 
an assumption has not been validated and the results of past 
experience indicate that it should be seriously questioned. 
To theorize concerning values which are believed to be the 
unique contribution of demonstrative geometry to the gen- 
era! education of young people is not a difficult matter, but 
to plan and carry out this program in such a way that these 
ilt»sired outcomes are actually realized is a problem which has 
not been squarely faced by teachers of mathematics. 

TIIIC PROHLKM DEFINED 

While teachers of mathematics agree in general as to the 
unicjue contribution which the study of demonstrative geom- 
etry should make to the general education of young people, 
there may be some disagreement as to just what they mean 
by ''the nature of proof.** How is this concept defined? 
W hat is it that a pupil has learned when he understands what 
a proof really means? While some teachers of mathematics 
w ill answer this question in one way and some in another, 
the importance of the answer should not be overlooked for on 
it will depend the sort of activity going on in the classroom* 
For purposes of this study it is assumed that a pupil under- 
stands the nature of deductive proof when he understands: 

1. The place and significance of undefined concepts in prov- 
ing any conclusion. 

2. The necessity for clearly defined terms and their efTect on 
the conclusion. 

3. The necessity for assumptions or unproved propositions. 

4. That no demonstration proves anything that is not im- 
plied by the assumptions. 

In speaking of this topic Young states as follows: "If 
we consider the nature of a deductive proof, we recognize 
at once that there must be a hypothesis. It is clear, then, 
that the starting point of any mathematical science must be 
a set of one or more propositions which remain entirely un- 
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proved. This is essential; without it a vicious circle is un- 
avoidalile. Similarly wo may see that there must be some 
undefined terms. In order to define a term we must define 
it in terms of some other term or terms, the meaning of which 
is assumed known. In order to be strictly logical, therefore, 
a set of one or more terms must be left entirely undefined."" 
It is further assumed that a pupil who understands these 
things will also understand that the conclusions thus estab- 
lished can havo universal validity only if the definitions and 
assumptions which imply these conclusions have universal 
validity. The conclusions are "true" only to the extent that 
the fundamental bases from which they were derived are 
"true." Truth is relative and not absolute. 

While teachers of mathematics say they want the young 
people in our secondary schools to understand the nature of 
proof, that should not be and probably is not their total con- 
cern. What these teachers really want is not only that these 
young people should understand the nature of proof but that 
their way of life should show that they understand it. Of 
what value ib it for a pupil to understand thoroughly what a 
proof means if it does not clarify his thinking and make him 
more "critical of new ideas presented"? The real value of 
this sort of training to any pupil is determined by its effect 
on his behavior, and for purposes of this study we shall as- 
sume that jf he clearly unek-rstands these aspects of the nature 
of proof his behavior will be marked by the following char- 
acteristics: 

1. He will sel(!ct the significant words and phrases in any 
statement that is important to him and ask that they be 
carefully defined. 

2. He will require evidence in support of any conclusion he 
is pressed to accept. 

3. He will analyze that evidence and distinguish fact from 
assumption. 

4. He will recognize stated and unstated assumptions essen- 
tial to the conclusion. 

5. He will evaluate these assumptions, accepting some and 
rejecting others. 

"John Wesley Young, op. cit.. p. 3. 
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6. Hc> will evaluate the argument, accepting- or rejecting the 
ooncluslon. 

7. He will constantly re-examine the assumptions which are 
behind his beliefs and which ^uide his actions. 

While the total educational experience of the student in the 
secondary school should contribute and doubtless does to 
some extent contribute to the de\-elopment of this kind of 
behavior, there seem to the writer to be possibilities in de- 
monstrative geometry which no other subject offers. While 
I'rofes-ior N'oung considers the subject matter of mathematics 
to be of importance he writes as follows: "still more impor- 
tant than the subject matter of mathematics is the fact that it 
exemplifies most typically, clearly and simply certain modes 
of thought which arc' of utmost importance to everyone. "2» 
In this area the concepts considered and the ideas studied 
arc devoid of strong emotional content. The student's native 
ability to think is not stilled by prejudice or bias. He becomes 
conscious of the fact that his conclusions are determined by 
the defmitions and assumptions which he, himself, makes and 
he recognizes the far-reaching effect of these basic ideas. He 
sees a method of thought ajiplied to idealized concepts and 
"without that ideal, thinking is without a just standard for 
self criticism; it is without light upon its course; it is a wan- 
derer like a vessel at sea without a compass or star."" The 
logical rigor of geometric proof illustrates the needed "ideal," 
and it is the purpose of this study to show that by placing 
the major emphasis on those aspects of demonstrative geom- 
etry which serve to illustrate the nature of proof and not on 
the factual content of the subject, it is possible to improve 
the retlecti\'e thinking of young people and to develop minds 
that are "critical of new ideas presented, and fitted to under- 
stand the kind and (piantity of proof rc(iuired before they 
may adopt the pronouncements of the generals of the society 
of minds. " 

It is not sufficient, however, to study only those situations 
wherein the concepts are idealized and "the material to be 

''J. W. A. Y oung» l^he Teaching of Mathematics, pp. 17 18. Longmans. Green 
and Co.. New York. 1924. 

C. J. Kcy.ser, "The Human Worth of Rigorous Thinking." The Mathematics 
teacher, \'ol \v. No. i, pp. 1-5. 
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presented is simple and wholly unobscured by the emotions. 
If the kind of thinking which is to result from an understand- 
ing of the nature of proof is to be used in non-mathematical 
situations such situations muse be considered during the learn- 
ing process. Wheeler says that No transfer will occur unless 
the material is learned in connection with the field to which 
transfer is desired. Isolated ideas and subjects do not inte- 
grate. Learning is not bond-forming. It is an orderly and 
organized process of differentiating general grasps of situ- 
ations with respect to experience. The details emerge or- 
ganized, as they differentiate from previous knowledge, in 
the face of new situations, not repeated ones. "24 Transfer 
is secured only by training for transfer and teachers of mathe- 
matics can no longer expect that the careful study of ninety 
or more geonietric theorems will alone enable their students 
to distinguish between a sound argument and a tissue of 
nonsense, 

William Betz, who made a comprehensive study of the 
problem of transfer with particular reference to geometry, 
presents in a summary the following findings and states that 
they might well be incorporated in the creed and daily prac- 
tice of every progressive teacher": 

1. Training for transfer is a worth-while aim of instruction: from the 
standpoint of life it is the most important aim. 

2. Transfer is not automatic. "We reap no more than we sow/* 

3. Every type of ''specific'* training, Ii it is to nse above a purely me- 
chanical level, should he used as a vehicle for generalized experience. 

4. "The cultivation of thinking is the central concern of education."" 

It is thus evident that the general problem to be attacked 
consists of three related problems: 

1. The problem of leading the pupil to understand the nature 
of deductive proof through the study of geometric situ- 
ations. 

2, The problem of generalizing this experience so that effec- 
tive transfer will result* 

"Eric T. Bell. "The Meaning of Matheniatics." Eleventh Yearbook, p. 138. 
R. H. Wheeler. "The New Psychology of Learning." Tenth Yearbook, p. 239. 

19.^5. 

"William Betz. "The Transfer of Training with Particular Reference to 
Geometry," Fifth Yearbook, pp. 149-198, 1930. 
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3. The problem of evaluating the resultirii: change in the 
behavior of the student. 

A SUMMARY OF REI ATED STUDIES 
It has become increasingly evident in the last twenty-'^ve 
years that the teaching of demonstrative geometry in sec- 
ondary schools must be greatly improved if the values claimed 
for it are to be realized. Efforts to effect this improvement 
have, to a large extent, been directed to a rearrangement of 
geometric theorems and this rearrangement has been logi- 
cally developed from an adult point of view. In discussing 
this situation K. Russell Stabler points out among other 
things that "The sequence of theorems tends to be arranged 
to meet the logical or traditional requirements of the subject 
as seen by the author, and not with a view to obtaining the 
maximum amount of cooperation from the pupils in devel- 
oping and appreciating the logical structure. Further- 
more, little attention has l)een given to changes in the nature 
of the content which are necessary if the habits of thought, 
which it is hoped will be developed through a study of this 
subject, are to transfer to non-geometric situations. 

The results of an interesting and suggestive experiment re- 
lated to this problem are reported by Elsie Parker." Assum- 
ing that under favorable conditions transfer of training from 
one field of experience to another is possible, she set up a con- 
trolled experiment in an effort to answer the question, "Can 
pupils of geometry be taught to prove theorems more eco- 
nomically and effectively when trained to use consciously a 
techni(}ue of logical thinking; and furthermore, does such 
training, more than the usual method, increase the pupil's 
ability to analyze and see relationships in other non-geomet- 
rical situations?" In connection with this problem she says, 
"The traditional method of instruction has been to let the 
pupil discover for himself a method of reasoning which he 
thereafter uses without, in many cases, being aware of the 
fact that he is usfng that mode of procedure." The pupils 
in the experimental group studied the thought process used 

" Russell Stabler, "Teaching an Appreciation of Mathematics: The Need 
of Reorganization in Geometry." The Mathematics Teacher, \'ol. xxvii No i 
1934. P- 37- 

»^_Klsie Parker, "Teaching Pupili? the Conscious Use cf a Technique of Think- 
ing. 7 he Malhemaiics Teacher, \ ol. xvii. No. 4. 1924. pp. 191-201. 
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in proving Roonictrlc theorems and gained some understand- 
ing of the nature of logical thought, while in the control group 
the theorems themselves were recognized as of niujor impor- 
tance and little attention was given to the thought process 
mvolved in proving them. 

In order to measure the results of such training original 
geometric theorems wvre given to the classes before and after 
their work with Miss I'arker, and after presenting the results 
of her study she says, ;"rhese data would seem to ofter con- 
clusive evidence, in so "far as one experiment can be consid- 
ered to do so, that when pupils are taught to use consciously 
a technique of logical thinking, they try more varied meth- 
ods of attack, reject erroneous suggestions more readily, and 
without becoming discouraged maintain an attitude of sus- 
pended judgment until i.he method has been shown to be cor- 
rect. The data on the reasoning tests would seem to indicate 
that such training in Icgical thinking with the materials of 
geometry tends to carry over these methods of attack and 
these attitudes to other problem situations not concerned 
with geometry." 

A second exporimeni related to learning in geometry is 
reported by W inona Perry.-'" In this experiment xMiss Perry 
had two control divisions and one experimental division. In 
each control division the instruction was definitely guided 
by a textbook. In one of these divisions the book proposi- 
tions were emphasized as of primary importance, while in 
the other the emphasis was placed on the proving of original 
oxercisos. No attention was given in either group to any 
particular method of thinking, and in each case the class was 
conducted by the question and answer method. In the ex- 
perimental division the development of a technique in reason- 
ing about the exercises of geometry was of major importance. 
1 his technique in reasoning emphasized the "if-then" type 
of thinking as well as the analytic method and even though 
non-mathematical subject matter was not included in the 
course Miss Perry found, among other things, that in the ex- 
perimental group "the ability to solve problems non-mathe- 
matical in character was markedly improxed, following the 
period of training in the solution of exercises in geometry. 

« Winona Perry A Study in tne Psychology of Learning in Geometry. Uurcau of 
I ublications. Teachers w oIIckc ("olumbia Uni- ersity. 1925. 
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This increased ability was most noticeable as resulting from 
those tests more nearly similar to the type of reasoning em- 
phasized in demonstrative geometry in form and in content." 

In dealing with the necessary training of teachers of geom- 
etry Dr. IL C. Christofferson2« states, *'There remains then 
the problem of securing still further professionalization of 
subject-matter with more emphasis on the fundamental pat- 
tern of teaching geometry as well as on the foundations of 
geometry, more actual contact with high-school geometry, 
and mo/e attention to the system of for.nulated reasoning 
and itb application to non-geometric as well as geometric 
situations." In oraer to suggest a solution for this problem 
he analyzes all the theorems and constructions in the Report 
of the National Committee on the- Reorganization of Mathe- 
matics and on the basis of this analysis presents a list of *'The 
Kssential Constructions and Theorems of Geometry, " '"essen- 
tial" being defmed as necessary for the proof of other propo- 
sitions." ^'sing these "essential" theorems is illustrative 
material, he then presents principles and methods of presen- 
tation which emphasize **the fundamental pattern of teach- 
ing geometry" and which, in his opinion, should result in 
the maximum of transfer to non-geometric as well as geo- 
metric situations." 

Now a teacher of geometry whose major interest is ''to 
teach the nature of deductive proof and to furnish pupils 
with a model for all their life thinking" is not primarily in- 
terested in the factual aspects of the subject and has no fixed 
number of theorems which, he feels must be covered. Fur- 
thermore, it is relatively unimportant for this purpose what 
theorems are covered since the deductive process by which 
they are established is illustrative of a- method and the theo- 
rems are not important in themselves. However, in selecting 
these theorems from the large number available it would 
seem sensible to study those which contribute most effec- 
tively to an acquaintance with the important ideas of geom- 
etry and Dr. Christoferson's list of ''Kssential Theorems 
and Constructions'' should prove particularly helpful for 
this purpose. 

**H. C, CMiristotTcrson. Geometry Professionalized for Teachers, p. 2. George 
P.vinia Publibhiug Co.. Mena.sha. Wis,. 193^. 
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iiXPERIMEXTAL COXDITIOXS AXD DATA 
rrriLs and clash oucianization 

'-pitK plan usually folloved in a research experiment is sini- 
X liar to that used in the studies of Miss Parker and Miss 
I crry, both of which were summarized in the preceding chap- 
ter. One or nice control groups are sc'leeted and by means 
of intelligence tcs.. and other criteria which are assumed to 
be applicable these groups arc "matched" with an experi- 
mental group. With the exception of the factor to which the 
person conducting the experiment is directing his attention, 
all variables are assumed to be constant for each group and 
It IS believed that any diffidence in the achievement of the 
experimental group as contrasted with the achicNement of 
the control groups is due to the variable factor. The results 
are computed with apparent precision but thiTe is serious 
question whether this appearance of accuracy is not mislead- 
ing. Is the degree to which all variables are actually under 
control such as to warrant this precise measurement' Pro- 
fessor Reeve points out that "One major .Irawback of the 
experimental approach to the solution of a problem is that 
in many of th(,' studies where this type of research is employed 
the experimental group always or nearly ah^ ays wins."> 

( omparable classes for any experiment shou'd be" chosen 
for their smu'aiiiy in characteristics which are essential to 
the nature of the work in the experiment, hor example if 
two groups of children ar(> alike in height, weight and color 
of hair one would not consider these two groups comparabU> 
for an experimental study in free writing. This study deals 
with the development of a kind of thinking which, in the opin- 
ion of the writer, is nt^t typical of that encouraged in the 
formal school program. It is well known, howcNer that 
standardized tests of mental development and of mathe- 

7wl!"v"l v^' '■" Mathematics F. ducatiun." The Mathemalin 

leaclter. \ol. x.vix. No. i, ly.V). p. 7. 
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mutical skill tost tho ability of the student to do sdwol work 
cf the kind to icliich he has been accuslopued, or, in other words, 
those tests consist of eNperienees which arc typieal of tho 
conventional school program and cannot safely he used to 
prognosticate ahility to do other types of work successfully. 
Dr. Paul A. Witty writes that **A vital need in education at 
I)resent i^ a more symi)athetic understanding of children and 
their problems. To achieve this, the intelligence test is help- 
ful, i)Ut its usefulness is impaired when its results are con- 
sidered to reveal a faculty or function unrelated to character 
traits and emotional stal)ility, and indeed to the behavior of 
the total organism in situations requiring intelligent choice 
of i ction/*2 

In view of those considerations the use of control groups 
in this study has seemed of doubtful value. To present the 
picture of a process through which students may bo led to 
understand certain aspects of the nature of proof both in 
mathematical and in non-mathematical situations does not 
require comparable groups of pupils. In fact, if the pupil is 
to have *'tho opportunity to reason about the subject matter 
of geometry in his own way,**^ if the logical processes which 
are to guide the development c^f the work are to be those of 
the student and not those of the teacher, the very nature 
of the group will affect both procedures, and outcomes and 
c(mtrol groui^s, selected as they ha\'e been in most experi- 
mental research, have no place In such a program. ICvalu- 
ation is not delayed until the end of a (juarter or a semester 
or until a certain unit has been completecl. Evaluation ohoidd 
not and cannot be separated from classroom procedures, for 
it affects these procedures and is inherent in them. 

The pui)ils in the class used for this exj)eriniental work were 
not selected acc*(^r(ling to any set of criteria. 'l*he program 
of each of fifty pupils called for mathematics and the only 
factor which operated in determining the class into which 
each of these fifty pupils was placed was contlict in schedule. 

^ Puul A. Witty, " IntflliRcnro: Its Nature. I^evclopnient and Measurement." 
Chap, xvi of Educational P^ydwlofiy, p. 481. by Charles li. Skinner. [Ventice-Hall, 
New York, ig.V^. 

2 Refer to the four funchinicntat assumptions on which classroom proceilures 
are based. See pa^e 21. 
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It finally transpired that twcnty-fivc of them were Riven to 
one teacher and the reniaininR twenty-five to another teacher. 
Class A was the Rroup used for this study, while the teacher of 
Class H followed the usual course in formal demonstrative 
Keometry. In all other respects the programs of these fifty 
pupils were the same. I-'or reasons already considered, how- 
ever, Class H was not rect^jnized as a control K:roup and any 
variation in achievement between the two jjroups with respect 
to values related to the nature of proof should be interpreted 
within the limitations of the situation. 

These fifty pupils wore not all members of the same grade. 
They were distributed through grades (j, 10 and 11 as show * 
in Table i. 

Tahlk I 

i;radk placemknt ok ihtu.s in classks a A.vn h 



Year in Sihool Class A I'm*!. H 



(Irade 9 ^ o 

Grade 10 7 g 

Cirade u 15 {j 



There was an almost even distribution of boys and girls 
between the two classes as shown in Table 2. 



TAnt.u 2 

mSTRMU'i roN (>!• HOVS AND (ilRl.S IN CI.ASSKS A AND H 



i^Pt ('l.i<-s A CLi^s H 

Cfirls 16 14 

Hoys 9 , , 



The avi-rage age of the pupils in Class A was slightly less 
than the average age of those in Class H. The distribution 
of the ages is given in Table 3. 
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AC.K OK rUPlLS IN CLASSICS A AND U 



A»iO Number in A Nuiiibet in (Muss B 



18 o I 

«7 I a 

1,^ 12 

U -i 2 

l.^ 4 I 



None of thcso pupils had prc?viously stiiclied demonstrative 
geometry and the extent of their work in informal geomrtry 
varied with the indivichial i)upil. All of them had completed 
a year in elementary alj^ebra. The Otis intelligence scores 
of these pupils were available, and in Tablt^ 4 th'i range, the 
median and first and third quartiles for both groups arc given. 

Tahuk 4 

otis lntkm.i(;knek s(^)kk.s ol*' piumls in cm.ass a and h 



eUss A Class U 

RiiHRC 91 ix^ 94 I AO 
VlY<t fjuarlile no 

Median 115 tog 

Thin! Quart ilc 125 121 



ICach of th(\se classes met four times each week. The peri- 
ods were forty minutes in length and this time was used at 
tile discretion of tiie teacher for all class activities. No out- 
side prei)arati()n was re(iuired of the pupils. These four peri- 
ods each wcvk included all needed study time, and while a 
number of pupils studi(*(i outside of class time they did so 
voluntarily. iM-ecjuent periods of supervised study made it 
possible for eat^h pupil to work at whatever seemed most im- 
portant to him and for the teacher to give individual help 
and ^^uidaIlce where needed. This program continued for a 
period of two school years covering sixty-eight weeks. 
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TYPES OF DATA 

There are two types of data with which this study is mainly 
concerned. One type of pTinia. ;- importance consists of the 
methods and processes th-ough which the pupils become 
familiar with postulational thi -iking ^nd through which they 
gain some understanding of the nature of proof. These meth- 
ods and processes, however, must applied to certain con- 
tent and it is this content which provides the second type 
of data. 

DATA DEALING WITH METHODS AND PROCESSES 

While it is recognized that methods and processes will 
vary and should vary with different students, it is also recog- 
nized that if they are to be effective they' can be determined 
in no haphazard manner. The procedures used in this par- 
ticular study are derived from four basic assumptions, as 
follows : 

1. That a senior high school pupil has reasoned and reasoned 
accurately before he begins the study of demonstrative 
geometry. 

2. That he should have the opportunity to reason about the 
subject matter of geometry in his own way. 

3. That the logical processes which should guide the devel- 
opment of the work should be those of the pupil and not 
those of the teacher. 

4. That opporti-nity should be provided for the application 
of the postulational method to non-mathematical material. 

Raymond H. Wheeler, in discussing "the new psychology 
of learning," writes: "Learning is not exclusively an induc- 
tive process. First impressions are not chaotic and unor- 
ganized.^ . . . There is nothing more highly organized than 
children's logic, to which impressions are subordinate. Adults 
do not discover this logic, that is all "* 

This cjuotation not only lends some support to the four 
basic assumptions just stated, but it also suggests that if 
the values claimed for demonstrative geometry are to be 
derived from a study of this subject, the "children's logic" 

* Raymond H. Wheeler. "The New PsycholoRy of Learning." Tenth Yearbook, 
pp. 3\7 ^38. 1935. 
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must bo respected. According to present practice, however, 
these young people are given a text fashioned by an adult 
pattern of logic, and little, if any, opportunity is offered them 
to think about the content in their own way. As an intro- 
duction to the subject an effort is made to lead them to be 
suspicious of conclusions reached through observation and 
they are then faced with numerous generalizations which they 
are asked to accept without proof. These generaliJ^ations are 
called postulates and it is often pointed out that the truth of 
these postulates is self-evident, " Is there not an incon- 
sistency in this approach to the study of proof? Is not ''ob- 
servation'* involved in determining whether or not the truth 
of a generalization is **self-evident, " and if one is to be ''sus- 
picious of conclusions reached through observation" why 
should the truth of these postulates be accepted as "self- 
evident " ? This (juestion mij ht well be raised by any thought- 
ful pupil and the fact that it is not raised should cause teachers 
of geometry to (juestion the effectiveness of their teaching, 
I'urthermore, this approach "instead of emphasizing the 
relative nature of the truth of geometry, emphasizes abso- 
lute truth. Instead of treating the postulates as a convenient 
starting point for thv subject, it leads pupils to consider the 
postulates as inevitable truths,"^ and imposes on them a 
pattern of thought determined l)y criteria which they do not 
accept as logical. Such practice tends to stifle the very out- 
comes claimed for the subject. "I'he trouble," according 
to John Wesley Young, "is that the authors of practically 
all of our current text!)ooks lay all the emphasis on the formal 
logical side, to the almost complete exclusion of the psycho- 
logical, which latter is without doul)t far more important at 
the I)eginning of a first course in alg(4)ra or geometry. They 
fail to recognize the fact that the pupil has reasoned, and 
rc^asoned accurately, on a variety of subjects !)efore he takes 
up the subject of mathematics, though this reasoning has not 
perhaps been formal. In order to induce a pupil to think 
about geometry, it is first necessary uj arouse his interest and 
then to let him think about the sul)ject in his own way. 

^ Ru>^cl] Stabler, "l*oa(*liinK ■ui Apf)reriat ion of Mvilheniatics: *I*he Xced of 
Roorj^aiii/ation in (ie<jnietry, " The Mathematics Tearher, Vol. xxvii. No, i, 1934. 
p. 

Jdiin WcMcy N'ounu. Lerturcs dh Tioitlamental Concepts oj Algebra and Geom- 
etry, p 5. Tlie Macmillan Co., New York, 
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When this is lUmv the spirit of discovery is encouraged and 
preserved, and there is little doubt that a pupil who discovers 
even a simple mathematical principle by his own efforts has 
had a most wholesome and tri-ly educational experience. 

In a most interesting discussion on "The Next Step in 
Method," Dr. William Heard Kili)atrick points out that 
"The most widespread and imperati\e jnesent tendency 
along methodological lines is the insistent demand that we 
get our students more fully 'into the game'."^ lie then pre- 
sents-five possibilities, illustrating \ arying degrees of activity 
on the part of the pupils and these are; 

1. A pupil tiK'niorizes tlio hari' wonls of a (lum(iii>tratii)ii. 

2. A pupil memorizes tlic idea of a (k-nuinstration and can rc-jiroducc it 
in difffri'iu words. 

^. A pupil makes a ^ivi ii (icnionstration liis ow n, ii Iiltoiuos liis lliou^lit. 
he ran use it in a new .'situation. 

4. A pupil of liiniself<lenioristrates a propoviiidn that lias heeii proposed 
liy aiiotlier. 

5- A pupil of himself sees in a situation the mathematical rcl.itions doni- 
inalinn it and of himself solves the pmlilem he has thus abstracted 
from the jiross situation. 

Dr. Kilpatrick then takes the position that teachers should 
center their attentitjn on this fifth possibility as "the next 
step in method." He states that "as teacliers we are con- 
corned not merely with the objecti\e goals reached by the 
pupils, but quite as truly with the actual searchings them- 
selves. The good teacher of mathematics nowadays knows, 
perhaps as do few others, that to ha\ e searched and found, 
leaves a pupil a dilTerent person from what he woidd be if 
he merely understands and accepts the results of others' 
search and formulation." 

These ciuotations give explicit recognition to some of the 
implications of the three basic assumjitions i)reviously stated, , 
and it is recognized that methods and processes consistent 
with these implications have far-reaching significance for 
classroom procedure. A careful and di-t ailed description of 
the "methods and processes" used in this study will be given 
in the following chapter. While these data are of major im- 

' VV. H. Kilpatrick. "The Next Step in Method." Tlie Mathematics Teacher, 
\ol. XV No. I. ii)22, pp. 16-25. 
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pf)rtancc from the standpoint of effective learning*, it should 
also he recogni/ecl that they affect the nature of the content 
considered. 

DATA I)KALIN(; WITH CONTENT 

Since the student is to **havc the opportunity to reason 
about the subject matter of geometry in his own >vay/* no 
dctinitc sequence of theorems can be arranged in advance. 
In Ilie Teaching of Geometry in Schools,^ a roport prepared for 
the Mathematical Association of (jrcat Britain, there is the 
following significant statement: **Thc Committee is con- 
vinced that it is neither desirable nor possible to insist that 
one sequence shall be imposed on all teachers and all pupils. 
But for a definite pupil a definite sec}uence is needed." While 
the writer accepts the general principle expressed in this 
statement, he does not interpret it as meaning that there is 
one and only one sequence which will most effectively meet 
the needs of any given pupil. The sequence for an individual 
pupil will vary with the environment, and it should not be 
overlooked that the teacher is a factor in this environment. 
He is acquainted with the domain which the pupil is about 
to enter, and it is his responsibility as guide and counsellor 
to assist the pujMl in developing whatever sequence will give 
him the greatest sense of accomplishment. What particular 
theorems are covered is not a matter of great concern, since 
tho emphusis is to be placed on the nature of the process by 
which these theorems are proved and not on the theorems 
themseh'es. 

There is also considerable variation in the number of theo 
n^ms which should be coven^d in any indi\ i(lual case. Since 
the major jnirpose of this (experience is to gi\'e pupils an un- 
(hTstanding of t!ie nature of proof, is any particular purpose 
ser\-e(l by further study of geomc^tric tluv)rems once this result 
has been achieved? Furthermore, does this not imply a care- 
ful program of e\'aluation if a teaclu r is to know whc*n the 
law of diminishing returns begins to operate? 

Mr. Henry Shanholt raises the same (juestiuri in the fol- 
lowing vigorous language: *'I am concerned with this *one 

* Mathcniatira! A-^^nrintion Report. The T packing of CfC'^metry in Schools^ 
p U) ('. Hell ami Suns. Ltd.. I.Diulon. iQ^c;. 
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year* idi-a. (f wi- wish our pupils to accpiire the ability to 
understand the m-vd of a formal lo^ieal i)roof, to develop 
powers and haijits of careful, aeeiirate and indei)en(lent think- 
ing . . . what foundation have we from whieh to assume 
that he will have ri-ached the optimum ability at the cml of 
one year? What seit'iitilie basis is there for the constant 
IMumdinR of the induetive-di-dueti\e method of reasoninR, 
day in and day out for the extent of one year?"" While this 
is a very pcrtini'iu (|Ut'Sti()n and one whieh must be answered, 
then- are studi-nts who derive sueh Ri-nuine satisfaction from' 
proving theorems which they, themselves, have discovered 
through thmkinK about the subject niattc-r of geometry in 
their own way that thc-y wish to prolong this tvi')e of experi- 
ena-. !• urtiuTmore, tluTo is much of educational value in 
group eonsidi-ration and critical analysis of theorems dis- 
covered by individual pupils, ami by means of such tliscus- 
sions the results achieveil by one pupil often tend to inlluence 
the accomi)Hshnient of others. 

While- one purpose of this study is to suK^est classroom 
procedures whereby the student will havi' the opportunity 
"to think about the subject matter of ,ueonu-try in his own 
way" and to have a part in Kuidini; the devdopnu'nt of the 
work, ant)ther purpose is to disco\ c r just what sort of content 
such procedures will yii-ld. If a tiac-her is sensiti\e to the 
"ehihhvn's logic" what concepts will remain undelined? To 
what extent will the vocabulary of geometry be <leveloped 
and how will definitions be statc-il? What assumptions will 
1k" made and to what extent will the implications of these 
assumptions l)e discovered? Answers to these questions for 
the twenty-live ^tudenfs in the c-xperiniental group already 
described will be- giscn in Chapier l\' and these answers will 
consiitim; data which are geomc-tric: in charactc-r. 
^ In view of the way in which transk-r is elTected it is essc-n- 
tial to develop this material "in cunnec-tion with tlu' field to 
which tran.-k'r is desired." The Third Committer on ( leom- 
etry'" has something to .say on this point. When asked how 

'"••"'> 11. Sl,.„.l,.;!i -A IHmI in (■,iuiii<li>." Jhc Mathfmiilus Teather, 

\ol. Nil. .', \i)\h. pp. (,- (,.S. 

k.tlph liiMilfv. " I liir.! I^'. i),,it ol the C'omiiiitivi- ( .voiM-lry." 1 he Mtilhe- 
mntii'i /fiihi-r \ul. .wviii, .\,,. 7. ii,;^, p. .( p,. 
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teachers of geometry should modify their ordinary methods 
of teaching in order *'to secure the transfer of those broader 
attitudes and appreciations which are commonly said to be 
must easily transferable," the members of this committee 
gave such answers as the following: 

"Bring logical method to the forefrcnt of couiiciousness; teach for 
transfer." 

"Consciously teach the things we want." 

"Actually do transferring from geometry to other fields." 

"Apply forms of reasoning to non-mathematical situations." 

" Point out the parallel between tliiuking in geometry and in other 
fields." 

" Bring in illu.strations to show tlie place of logical thinking in life.*' 
"Pay more attention to originals and to analysis." 

In this study, then, ''the parallel between thinking in geom- 
etry and in other fields'' will be pointed out and illustrations 
drawn from many fields of thought will be used **to show the 
place of logical thinking in life." It should be recognized, 
however, that the method of thought used in proving a geo- 
metric theon^m is there applied to idealized concepts and the 
pupil should understand the limitations of this method in 
more complex **life situations." He will be encouraged to 
suggest situations wherein he has recognized the possibility 
of transfer. Another purpose of this otudy is to discover the 
kind of non-mathematical material to which pupils have 
found this method of thought applicable. 

In the ** Third Report of the Committee on Geometry" 
Mr. Joseph McCormack is quoted as saying, '*I would like to 
see a fairly large number of schools try consciously to carry 
over geometry tc; life situations by asking questions on non- 
geometric material and attempting to get the pupils to apply 
their geometric f.ypes of reasoning to these problems. i*er- 
haps a good collection of life situations could be worked out 
to which geometric reasoning could be applied with a mini- 
mum of tacit assumptions. A question on College Entrance 
or Regents examinations on this sort of thing, at first optional 
and later required, woukl stimulate a more active attempt at 
transfiT. While one might question the advisability of 

Ralph Heutley. op, cit.. p. 343. 
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"a minimum of tacit assumptions, " it is possible that the ma- 
terial used in this study, a large part of which was suggested 
by the students in the experimental group, may constitute 
such a "collection. " It will be outlined in the following chap- 
ter and will constitute data which are non-mathematical in 
character. 

SUMMARY 

The two types of data which are of major importance in this 
study are; 

1, Methods and processes which make it possible for the stu- 
dent "to reason about the subject matter of geometry in 
his own way. " 

2. The content which is an outgrowth of the student's think- 
ing. 

c. The geometric material. 

b. The non-geometric material to which "transfer" has 
been made. 

Of the five independent experimental programs suggested 
by the Committee on Geometry this program most closely 
resembles Va, which makes "provision of 'transfer' material 
to facilitate application of the logical discipline of demonstra- 
ti\-e geometry and the appreciation of its logical structure to 
non-geometric situations in real life."'^ Of the twenty-one 
committee members who ranked these experimental pro- 
grams in order of promise, thirteen placed Va first, one placed 
it second, two placed it fourth, one placed it fifth, while four 
failed to record their opinion. In the same report Professor 
I'pton is quoted as saying, "As to experiments I consider Va 
outstandingly most promising and worth while. I know oi 
nothing else that I should put ahead of it. "'^ In Chapter \' 
of the {^resent study an evaluation of the results of such a pnj- 
gram will be given. 

" Ralph Heatley. op. cit., p. 340. 
Ibid., p. 34,v 
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A DESCRIPTION OF PROCEDURES 

IT WAS thv purpose of the writer to have an individual con- 
ferenee with each of the twenty-five pupils in the experi- 
mental Rruup before the opening of school. It was not i)os- 
sible to arrange all these conferences and when the class met 
for its first session there wore still eleven pupils with whom 
the teacher had not had an opportunity to confer. The con- 
ferences were arranged during the first week of school and 
there is little reason to believe that the few class sessions held 
in the meantime had any marked effect on the pupil's atti- 
tude. Through these conferences the teacher hoped to secure 
some understanding of each pupil's attitude toward mathe- 
matics in general and toward demonstrative geometry in 
particular. 

The conference was most informal in character. No ques- 
tionnaire was given to the pupil and no notes were taken 
during the interview. The teacher tried to make the pupil 
feel that he was definitely interested in helping him and that 
this help could be most effective only when the teacher under- 
stood the true nature of the pupil's attitude toward the work 
he was about to begin. The pupil was encouraged to talk 
freely and little directi(jn was given to the conversation by 
the teacher until he felt that such an attempt to guide the 
tliscussion would not destroy the pupil's confidence in the 
situation. In the judgment of the teacher, there were only 
three instances where the pupil failed to talk honestly and 
frankly concerning himself and his attitude toward mathe- 
matics. 

Immediately following the interview, the teacher made 
careful note of the pupil's comments which, in his opinion, 
gave indication of the pupil's attitude toward geometry. 
Although there was great variation in the form of these com- 
ments they fall into the general (*lassiflcati(m given in Table 
5. 'I'his table also indicates the number of pupils in each 
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Table 5 

COMMKNTS RKVKAI.INU ATTITl.'DK OF PUPILS TOWARD 
THM STUDY OK EfKMONSTHATlVl? CiKOMKTKV 



Kind ot Comment Made by Pupila Number Making 

CoHjinent 



19 

12 
10 



If this work were not required I would not take it. 
I need it to go to college. 

I like the faculty. Since they require thiis course there must be 
some value in it. 

1 have heard that geometry is very difficult and I know 1 will 
not be able to do it. 

Why should I know any more geometry? What I know al- 
ready IS of no use to me. ^ 

I have had enough geometry. I don't need any more. $ 

I don't see any value in memoi i/ing a lot of things which I will 

never use. ^ 

I have to take something and this will probably be as good as 
anythmg else. 

I need geometry for later work which I want to take. 
What does "demonstrative" mean? 

I know I shall like geometry for I have always liked mathe- 
matics. 



3 
3 

2 



classification. There is, of course, a consitlerable amount of 
ovcrlappinjf. 

While one should be cautious in drawing any ^'generaliza- 
tions from these data, it is clear that at least nineteen of the 
twenty-five pupils were taking the work only because it was 
required. This is doubtless true also of the three who thought 
It would "probably be as good as anything else." Most of 
the pupils who had had any work in informal geometry con- 
sidered It as a continuation of that sort of experience, and 
only two of them raised any (juestions as to the signilicanee 
of the word "demonstrative." In gi-neral, it is probably safe 
to say that twenty-two of the twenty-live pui)ilH had a nega- 
tive attitude toward studying any more mathematics, al- 
though twelve of the twenty-two thought "there must be 
some value in it." otherwise the faculty would not recpiire 
It. I hey "hked " the faculty and because of this ajjparently 
luul some faith in their judgment. 
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RKCOCixrriON of nkku for definition 

As thv first step in leading the pupils to understand some- 
thing; of the nature of proof," it seemed important that they 
should recognize the necessity for clarity of definition in all 
matters where precise thinking is essential. To understand 
how the vagueness and ambiguity of ordinary words lead to 
serious errors in reflective thought is to aj)preciate the im- 
portance of clearly defined concepts in any technical vocabu- 
lary. It seemed advisable, then, to begin this work with a 
consideration of the importance of definition in matters which 
claimed the interest of the pupils, and the teacher gave care- 
ful thought as to what illustrations woukl be most helpful 
for this purpose. He recalled that during the preceding school 
year there had been a good deal of animated discussion con- 
cerning awards and that the question of whether or not awards 
were to be made for "outstanding achievements'' in the school 
was still unsettled. Here, then, was a problem of real signifi- 
cance to the pupils about which there had been some con- 
troversy and in the consideration of which definition was 
likely to be an important issue. The teacher decided to give 
them an opportunity to discuss this problem, anticipating 
that in the argument which was almost certain to de\*elop 
the necessity for clarity of definition would be recognized. 

When the class met for the first time most of the pupils had 
their notebooks with them, some of the more thoughtful had 
brought their compasses and straightedges, and all of them 
expected to be given a text from which the work of the year 
would be taken. 

There was thus considerable surprise when, after the usual 
routine of the opening day had been completed, the teacher 
said, There is no great hurry about beginning our regular 
work in geometry and since the problem of awards is one which 
is soon to be considered by the entire school l)ody I suggest 
that we gi\ e some preliminary consideration to the proposi- 
tion that ^awards should be granted for outstanding achieve- 
ment in the school'.'' While it developed that within this 
particular group there were not many pupils who openly op- 
posed the granting of awards, the opposition that was offered 
was thoughtful and intelligent. 



THK NATI RK OF' PROOF 31 

Within a very (vw moments afti-r the diseussion started the 
question was raised as to whether a teacher's salary was an 
award. One pupil argued that everybody worked for an 
award of some kind. Another asked whether playing on the 
football team constituted an "outstanding achievement" 
while another believetl that grades on academic achievement 
were awards. X'igorous disagreement de\-clopcd, even among 
those who were supporting the general prcjposition that awards 
should be granti-d, and considerable tinu; was spent in what 
might appear to have been useless discussion. I lowever, when 
the teacher summarized the discussicjn, pointing out the dif- 
ferences that had de\'elopud and clarifying the real issues 
which had arisen one pui)il said, "Most of this trouble is 
caused by the fact that we don't know what we mean by 
'awards' or by 'outstanding achievement'"; and the evident 
agreement with this statement by other members of the class 
indicated that although the word "detlniticjn " was not used 
many of the pupils recognized in this situation the need for 
clearly dehning these two ideas. The school body later de- 
cided to grant awards u.uler certain conditicjns and one of the 
conditions was that the pupil receiving the award '"nuist be 
a good citizen. " In discussing this, one of the pupils promptly 
pointed out that before this award plan could be effectively 
administei d "someone will have to explain what is meant 
by 'good citizen'." 

In general, however, this explicit recognition of the need 
for detinition seemed foreign to the thinking of the pupils. 
They were unable to select with any degree of accuracy the 
key words which need to be clearly defined before the real 
meaning of the statement in which they occur is e\-ident. 
All of them agreed with the truth of the statement tluit "Abra- 
ham Lincoln spent very little time in school" and no one 
raised the point that the truth of this statement depends on 
how "school" is delined. However, when each pui)il was 
asked to write iiis delinition of "school" ihu results indieated 
that: 

U'.-liuIems coiisidurfd "Mhour" as a "liuildiii^" set a>.idv fur ccriain 

Ill MiitK-m>, rutiMdiTfd "sclinnl " ;is a "plaa- fi.r Icaniitii; tliiiivjs." 
Ini(Mlbiijii>idt ud".M liin)l "as, ■'.my c'xiiiTii-iKi- Hum wliii liuiu'lfarns." 
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M('f»)n» tluMv was any ilisrussion <)f Ihv sinnificana* of tluw 
ildininoiis the st uili»nts wviv yivcn ihv following short cxiTcusc : 

Ai'ivplin^ ilu* iK-riniiiun uf "srluuir* as "Any cxporii iuh> from which 
WW liMrns*' iiulic»ur >our a^nx'uu'iU or ilisaKn^'incnt with llit* iirupo- 
sitiun : 

"Ahruliiun l.incolii spi'iU wry liillc timv in schoul/* 

Oiw pupil was ahsi-nl when this i^xririsi> was cDnsitU'rccI, hut 
of thu twenty-four pivsrnL all of them ni)W clisaKivctl with 
this proposition, A comparison of thrst* results with those 
pri'viously ohtaim-il from Ihv sanu> pupils siTvrtl to onipha- 
sizu thi* iniportanrc of dt'linilion and ilUislratctl how a chanjit'il 
dulinition thu's aflVrt conrhisions. 'Y\v^ tt^arhi^r also uscil this 
opportunity to point out that wht-n two pi'oplc ixrv discussing 
**schooI, " and one of tht^m dolincs it as a "huildin^*' whilo tho 
other delinks it as **any expcTii^nre from which one learns," 
there is ahnost certain to he disaj;reenient siu*.c the concept of 
^'school" th)es not mean the same thini; to each person. 

'I'hroURh such considerations the pupils bcjian to recognize 
the need for clarity of definition, and as this recognition devel- 
oped thi^y began to sujij^est illustrations which wwv interest- 
ing to them. Among these were such points as the following: 

1. Is llu* librarian a iraclu'r^ 

2. W hal i> iiW aririlcirral ? 

.V What i.^ onv hunilri-il piTmit AniiTii'anisin ^ 

4. How lie I knuw wlu'ti 1 am lanK / 

5. Wlial is a "safriy" in fuuihall.'* 

(). W'liat is a "(ui:l hall" in ba.sfhall? 

7. Wlial is I hi' labor rhi.ss.'* 

8, W'hal is an nhsa-no book? 

'I'hese suggestions, togetlu^r with the man\' otIuTs that were 
nia(lt\ not only rellect the Interests (if the pupils hut also sug- 
gest how concepts and ith*as c^\n lu« devclopiul "in connec- 
tion with tlu* held to which transfer is desired." While* it was 
ntntlu»r possil le nor atK'isahU^ to gi\r detailed consideration 
to all of these points, numht^rs 4. 5 aiul () seemed to the tc achcr 
to ha\e possihilitics whii^h should not he overlooked. iOach 
I)upil was familiar with the fact that wlu^n tardy for any class 
he could ni't he admitted without an '*admit slip" which he 
secunnl at the ollice. One pupil made the point that he was 



I'lii': N.vn RK ()!•• i>k( )()!■• x\ 

mnsidi'ivd tardy tor oiu- rlass and not for anoilu-r, althoii.uh 
tlu' circunistanci-.s ui-n- tin- saini-. Tin- ti-ailu-r lujinti-d oui 
that tin- ri>siu-(iivi- tcai'lirrs iiu'oKi'd had diftVn-nt di-lini- 
f'""'* of "tardy." lie thi-n siiir^cstcd that thi> pupils di>lino 
"tardy" for that partiiiilar ilass ami afti-r sonic discussion, 
to which tin- teacher contribiiti-il as widl as the pupils, they 
delined a pupil as tardy " wlu-n he n-acheil thi- classroom after 
the door was closed." The ti'aiher then pointed out that 
each tinu- a pupil nu't the ri-(piirenn-nts of this di-linition, the 
ruK- concerninK^ admittance to the i-lassroom iiuDlii-d certain 
(•oncliisions as to what that pupil should do, and ihissi-rvi-d to 
illustrate somi-thin}>- of the natun- of implication. 

A consideration of "safety" and "foul hall" brought an 
ea^er respons(> from tin- pupils. They (piickly pointed out 
that in liasehali a "foul hall" had heen defined, and it was 
the resjionsihility of the umpire to deti-rmine whi-ther or not 
a ball which had bi-i-n struck satisfu-d this delinition. Simi- 
larly a pitched ball is a strike only wlu-n in the judj^nn-nt of 
tlu' umpire it nu-ets the reciuirenu-nts of tlu* definition of a 
strike. I his whole (piestion of panics pro\i'(l to In- a most 
fruitful field, for in addition to the excellent illustrations of 
the importance of di-fuiition the rules ser\ ed to illustrate i le 
importance of aKreements anions peoi)li> and how tlu-se a^ri'e- 
ments determined conclusions. Xo difficulty was met in 
leading the pupils to recognize that tliesi- rules wi-re nothing 
more than agri-i-mi-nts whii h a group of inti-n-sted people had 
madi- and that they implied certain comlusions relati\'e to 
the acti\'ilies of the playi-rs. 

When the (jui'stion was rai.si-d as to what was the etTect of 
changing one of these agreenu-nts, numerous pupils wen* 
ready to point out that the ai-ti\itii-s of the pla\'ers wi-rc 
changed. Many illustrations wen- ottered. One pupil ex- 
plained how a new rule concerning the forward pass in foot- 
hall had changed the game in certain respects, while anollu*r 
discussed how thi- game of lu?ndball had bi-en iniprovi-d 
through a change in one of the rules on which tin- game was 
ba.sed. The teacher used sui-li illustrations as tliese to intro- 
duce the pupil to the idea that conclusions usually (K-pend on 
a set of rules to which peopli- have agn-ed, or which they 
acci>pt. Tlu-si- agrei-ments may wi-11 In- called assumptions 
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and through numerous illustrations the pupil loarns that oven 
the most elementary activities of life (ieiienci on certain as- 
sumptions. The teacher of algebra assumes that his students 
understand arithmetic* the man who dej)osits his money in 
a !)ank assumes that the hank will not fail, the patient as- 
sumes that his doctor can cure him, 

it is important to recognize that in this introduction the 
thinking of the i)upils was concerned with sifiations which 
were interesting and familiar to them, Most of the illustra- 
tions used were suggested by the pupils and reflected their 
interests, Ih)wevcr, it was the responsihility (jf the teacher 
to guide the* discussion in such a way that the attention of 
the i)upi]s was focussed on the important principles, common 
to all illustrations, and not on the illustrations themselves. 
He vsuggested that these principles he made explicit and after 
considerable discussion the following summary was made: 

1. iH'liniu'dii is lu'lpfw! in all caM-s wIuto prti i^i- tliitikiii^ is to ho done. 

2. Com lii^iot^s MH-ni to (h'iu'tui uu assuinpiioiN Inn ofion the assump- 
tions are not n-co^ni/i-d. 

Ii i> (lillii ult tfi a^ni' on (h liniiit)ii> and assutnptions in .situations 
whii h caUM' tau- to l)i't (unr oxcitiHl. 

It should be iK)inted out that this summary is not the work 
of the teac^hcT alone. It represents the joint thinking of the 
teac^her a id pupils, 'I*he statements whc^n originally made 
wrre not in this form, They were awkwarclly expresr^ed 
and the ideas werc^ none too clear. Some pupils ol)jectfMl 
to th(\se original slatc^ments and suggested improvements. 
The teacluT felt frec^ to contribute in the same manner as 
other members of the group, and it was through such discus- 
v^ion and joint thinking that the* r>riginal stat<mi(^nts wctc 
refined and ultimately accepted, as expressed abo\e, by all 
pupils. 

INTRonrCTlON TO SPAfK ( 'ONt 'KPI S. TNI )1':FI N KI) TKRMS, 
DKKIMTIoNS AM) ASSl'MPTlONS 

I'\)llo\ving this introduction, which with this partitnilar 
group rrfiuin-d approximately four weeks, the thinking ot the 
pupils was d(Minil('ly guided to a consideration of spac^o where 
the ideas studied are devoid of strong emotional content" 
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ami "the pupils' native ability to think is not stifled by preju- 
dice or bias." The pupils had already realized thr.t "it is 
difficult to agree on definitions and assumi)tions in situations 
which cause one to become excited" and to illustrate this it 
was only necessary to remind them of the vigorous contro- 
versy which developed in our attempt to clefinc "aristocrat" 
and "labor class." There was general agreement that it 
would be interesting to make definitions and assumptions 
about concepts which did not stir the emotions and to pro- 
ceed to investigate their implications. Many suggestions 
were made as to the content with which these definitions and 
assumptions would deal. Some pupils suggested "govern- 
ment,''^ some suggested "religion," while others suggested 
"war." All of these suggestions were rejected by the group 
since they did not satisfy the criterion that the concepts in- 
volved should be "devoid of strong emotional content." 
The fact is that no suggestions were offered which did satisfy 
this criterion until the teacher raised the (piestion whether or 
not one was likely to "become excited" in thinking about 
space. This (juestion apparently reminded the pupils that 
they had originally expecte<i to study geometry, and the dis- 
cussion which followed resulted in an agreement to "build a 
theory about the space in which we live." 

There was no (piestion al)out the interest of the pupils. All 
of them had participated in the di.scussion to some degree and 
all were anxious to begin to "build" this theory. However, 
there was some difficulty in knowing just how to begin. Their 
background had led them to believe that they should begin 
by agreeing on certain definitions, but there was no agree- 
ment as to what shmdd be defined. One pui)il said that space 
involved "great distances," ami that jierhaps "We should 
begin by defiriing distance." Another said that he c(<uld "fill 
up the space in the room with cubes, " and he thought it would 
be well to begin by defining "cube." 'i'his suggestion re- 
ceived feeble support. Another suggested. howe\er, that he 
could "fill up the space in the room by piling a lot of flat sur- 
faces one on top of the other and so we niight just as well 
begin by defining 'surface' as 'cube'." This suggestion also 
received feeble support. Another said he would like to begin 
by defining " triangle" for he knew that "triangles had some- 
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tiling to do with ^I'onu'lry. Sonu^oiu* else* siik}^(»sI(»(1 that 
"stjuarrs also had sonu^thing to do with KOonu'tr\ " and that 
•'wc miKht buKin by dt^fming them/' A hirt^u majority of 
th(* pupils niad(» no siiLij^t'stions \vhatc\'iT, although some of 
them supported either tho '*iHd)e" or the ''surface." 

The teaeher wrote on th(» board all the sutJK^\stions that had 
f)een made and asked the pupils to seleet one of these eon- 
C(^pts and di^fine it. No one attemp^ted to define "cube'' or 
**surfaee" altliout^h these were the only suKK^*>^ti^>ns that 
received any support when made. 'I\vo pupils attempted to 
define "distance, while tlu* nMiiainder selected either ** tri- 
angle" or **s(iuare. " l-Vom the discnission which followed it 
was evident that de.uree of familiarity with the concvpt was 
the basis of selection rather than anytiiinK else. The teacher 
examined these definitions can^fully and si^lected for discus- 
sion at the next meeting of the class those which he considered 
typical. These were written on the board. 'I'h(»y varicul 
widely in nu^anin^ and precision of statement, and tlu^ pupils 
were asked to suggest any improvements they thought desir- 
able. (\)niparati\cly fe w n^sponded and the su^Kestions that 
were offered had no particular significance. The f^encTal in- 
ability of these pupils to recoj^ni/c* looseni»ss of expression was 
particularly notic(*a!)le. After some discussion which resulted 
in minor improvenu^nts, the pupils were willing to acc(»pt each 
of the three definitions which follow: 

.\ lri(i)!iile is a \])iurv wiih thrve liru's as sides. 

A square Is a fij^ure ha\inK four .sidfs of tlio smic lon^th and four ri>;ht 
a n^K-s. 

T\w<listii)uv l)t:t\vc'cn two points is tlu- length (jf t\\v Unv joining ilu-ni. 

The teacher pointed out tliat acceptance of these definitions 
really impHcHl that tin* words used in them had the same nu^an- 
in^^ for each of the pupils. Attc^ntion was thus directed t(^ a 
consideration of thest^ words and tin* (piestion was raised as 
to what is meant by ^Mii^ure/* "lin(\" "side," **an^de," 
**I)oint" and 'Menj^th/' these bein^ the only words cjues- 
tioned. In the course of the discussion which follcAvcd one 
pupil said, " l'An ryon(» knows wliat a line is," and when 
another pupil asked whether he meant "s-traiKht line" or 
"cm. I'd line" he reidied that "It nuule no (lifTerence for 
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everyone knows what a stralKht lim- is and everyone knows 
what a curved line Is." 'I'he teacher considered this to be a 
most important statement and wanted the class to appre- 
ciate its siKmiticance. lie asked whether they agreed with 
this pupil. Is the concept of "straight line" the same in the 
thmking of all people? Does everyone know "what a straight 
line is"? Do people in Moscow, Rome, Paris and Berlin have 
the same concept of "straight line" as the people in Colum- 
bus? All the pupils agreed that "straight line" did mean the 
same thing to all people and that no useful purpose would be 
served in attempting to deline it. 

Here then was a concept concerning the meaning of which 
there was apparently no vagueness or ambiguity iii (he minds 
of the pupils. It was accepted as meaning the same thing to 
all of them, and the cpiestion was raised as to whether the 
other significant words in the three accepted definitions were 
of the same nature. Kach of them was carefully considered 
and after some discussion the pupils agreed to accept "point" 
and "angle" as concepts which wi-re unambigi nus and with- 
out vagueness. There was disagrt>ement concerning "figure, " 
"side" and "length," which raised some doubt whether the 
original definitltjns should now be acct'i)ted. However, no 
attempt was made to revise them at that time for it seemed 
evident to the teacher that the thinking of the pupils had 
turned in a direction which offered more promising results. 
Some of them recognized at once that instead of beginning 
the study of space by defining certain concepts it was much 
better and, in fact, necessary to begin with the selection of a 
few concepts about the meaning of which there was no dis- 
agreement and for which explicit definition was unnecessary. 
\\hile the real significance of this was not recognized at that 
time by all pupils, the impr)rtanre of and the necessity for 
tht-se "prlmlti\'e concepts" became increasingly clear ko them 
as the work (U'wlopt-d. 

I p to this time there had been no general consideration 
of a textbook. While some pupils had wantt-d to know "What 
text Is to be usetj," it was now gt>nerally recogni/cd by all of 
them that to use any text would spoil to a large extent the 
(»pportunity for the kind of tliinking they had been doing. 
Liach pupil was thus encouraged to duvel(;p his own text and 
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was giviai frec(lom to dcvcU^p it in his own way. This pro- 
allure IS consistent with the assumptions in the preceding 
chapter, for while Ki'^nip (liscussi(jns usually resulted in com- 
mon aKreenu^nt conrerninj^ tile iindefned tennis, the defini- 
tions anrl assumptions, each pupil was given opportunity to 
expr ss his own indivitluality in organization, in arrange- 
ment, in clarity of presentation and in the kind ami number 
of implications establishecl. Most of the pupils called this 
text :\ Theory of Space" and they now recognized that to 
build this theory it was essential to select a few con(x*pts 
which were without ambiguity and which meant the same to 
all of them. They deci(led to call these "'Fhe rndefmed 
Terms" and the first section of the text was to be used for the 
puri)ose of listing these terms as they were agreed to in the 
de\-eloi)ment of the work. This list began with **point/' 
*' straight line" and "angle," which had already been ac- 
ceptecl. 'i^ie teacher, however, reminded the pupils that 
they had agreed tt> build a theory of space and the question 
was rais(al as to whether or not these three primitive concepts 
bc^longed in the construction of tuich a theory. Had **point," 
"straight line" and *'angle" any relation to sj^ace? In an- 
swer to this one pupil said, **I think space is full of points," 
and throujih (juestions and suggc^stions from both teach(T and 
pupils the following agreements were reached: 

Tliere art' points in space. 

A liiu' can ho drawn through any two points. 

Th(*S(* wen* recv>gni/.t*d as assumptions and it is important to 
observe that they were* nuule hy the pH()ih and considered 
by thnu to ha\*e oriiiinatc^d in their own thinking, 

illustrate the second of tlu\s(* assumptions the tt*ach<*r 
placed two points f)n the l)r>ard and asked any pupils who felt 
they could draw a line through these two points to volunteer 
for this purpose. One was se^lecti^d from the* large number 
res[>onding and \\v dww a straight line through the two points. 
The teacdier then aski'd anr)th(T pupil to draw the line he had 
in mind and \\v said it would be "the same line. " Other pupils 
who liad volunteiTed wc^re inxlted to 'Mraw a line through 
these two points," but tlu* gentTal reply was that *'the line 
had alrv^'iriy been drawn." Now there is a big difTerence 
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brtwyon line" and *'the lino." This clirforcnre was cm- 
phasi/ed by ihv. tcacluT, who thon drew a cur\-f(i line* through 
ihi'sv same two points. Immediately the pupils said that they 
nu^ant **a straight line" and that there was ''only one sueh 
line" through these two points. The su.uRestion was made 
that *Minc»'' should always mean *'straiy:ht line" and he 
assumption was then revisnl by the pupils to read "One and 
only one line ean be drawn throui^h any two points." 

The teaehcr asked the pupils how lonj; tliis line was. Some 
of them replied that its length was determined by **th(^ dis- 
tance between the two points," while others said that it was 
just *'as lon^r as you want to make it," 'Idiis led to ronsidrr- 
able discussion out of which gn^w the idt-a that **a line (^ould 
l)e extendiui in either direction just as far as you want to ex- 
tend it," and this was fmally accepted by all pupils as a third 
assumption. \o pupil n-cogni/ed that (^(M'tain properties of 
space were implicit in this assumption, and when the teacher 
raiv-^ed this cpiestion one* pupil did p^int out that **w(^ are 
assuming that space has no end." With one or two (excep- 
tions, howe\-(»r, this point had at that time no signilicance to 
the pupils. Th(^ assumption seemed reasonable to thetn and 
was \'ali(hited b\" their own c*xperienc(\ 

Till! discussion which led to tin* prt^tH^ding assumption also 
focussed the atti^ntion of the pupils an the portion of the line 
bet\x-een the two points. They referred to this as "a pie(^« of 
the line," and pointed out that th(^ length of this '*pie(H*" was 
the cUstance betweiui the two points. The (*on(*(»pt of "lirK* 
segment" was thus intnuuiced, anrl the pupils made the fol- 
lowing detinitions: 

A line sr^imoit is a uf a liiif, 

*1"1r- Icu'^th of t: li>ir si-^>}:f>a is \hv di>t. uuv lu twcen its tWi) i-iui jMiiuts. 

Consiilerable emphasis was gi\-en to the fact tliat these two 
concepts. **Hne segment" and ^'length of a line segment." 
were defined in terms of other (V)ncept^ which were undefined, 
Whvn a,^ked what thest^ unrletined c-oncrpts were tin* pu{)ils 
replii»d that they wen* ** point" and *'Hne. " No fiuesti(Ui 
whate\-er was raisi^l concerning "distance/' although this 
was one of the (^oncepts ff)r which detinitinn was earlier at- 
tempted. It is signiticant that later on when the thinking of 
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thv pupils was mow critical bolli *Mistan(T'' and 'Mn^twcvn" 
wtTf sck'cti'd as terms which tU'cdcd drfininjf. However, after 
an i'ffort was made lo define them they were placed amoni; 
till* utidelincd terms. 

As an exercise which offered promising possibilities the 
following suggestions were given the students: 

On a piccfof paprr loratt any two points, .1 and p.nd draw the line 
.1/^. *riu'n locatr two diftv-ront points. .V and ]\ What are all possible 
iHatitjns wliifli line AH can Itavo to line A' 1'? Considering only lines 
AH aiul X ]\ write down all ilic properlieb of the resulting figure' which 
\rni either know or aie willing to accept. 

niffcrcnt ()upils expressed **all possil)le relations'* of these 
two lines in very different language. Thv relations which 
tney tried to ex()ress are gi\ (»ii in Table 6, which also indicates 
the number of pupils n^cognizing the possibility of each kind 
of relation. 

Tabi. : 6 

PO^SIHLK RKI.ATIONS UKTW KKN ANY TWO MNKS RKCO(;n1ZED HV THK IH'IMI.S 

Ri'lation<i Rpr(»«n:2ril N'unibiT RcroRnizing 

by the I'uiulji Rdcilion 



Intersecting lines 25 

i'arallul lines u 

I'erpendicular lines 9 

Skew lines 3 



The properties of the figure either ** known'' or ** accepted** 
W(Te also expressed in a variety of ways. However, on ana- 
lysing the statements it was clear that the following points 
had be(*n made: 

Lines .1/^ and (7^ (\in he extended indefinitfly In eitlu-r direction. 

Wlien two lines intersect four angles are formed. 

\ ertieal angles are e^jual. 

Tlu* sum of the angles about a point is .V^n*^. 

If ilu* line^ an* pi-rpt-ndirular each of tlie four angles is wn". 

A -tiiiiglu angle contains iSo*^. 

I'arallel lines will never meet. 

M<e\v lines are not in the same plane. 

Two lines intersect in a point. 
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Tlu-Sf results n-fU-ct tlu' rctcniion of iduas to which some o* 
thf pui)ils had I )vvri introduced in u stud^* of inforniul j^uoni- 
ctry. Ilowcv'T, although they shcnvrd sonio familiarity with 
the factri, there was evident need for a claritication of the 
concepts. Thv statements of the i)Uj)iIs were classified and 
samples were selected for criticism the entiri' class. Tht^se 
were written on the board and as a result of the general dis- 
cussion which followed plane" and **e(iual'* were added to 
the list of undefined terms, delinitions were written f(;r the 
following concepts: 

N cTtreal uncles 
ri^lit an^lt* 
straiiilit arij^lc 
iruiTsi'clin^ liru*?; 
piTptMulIcular lirifs 
parallel lines 
hkew linc\s 

while there was general agreement that the following state- 
ments should l;e acc(»pted a^ assumj)tic:jis: 

\'crti( a! aiiKlcs are ofjuaL 

Twu lines ean intersect at (;ne and unK* one point. 

One and only one plane can he passed tliruiij^h two inierM-rtui^ lines. 

One and only uru* plane can be passed liii.aiKh two , aralKI lines. 

Oi;e a!id only nnc plane can he parsed ihruu^h a line and a pdiru nut 
nn the lim*. 

One and urdy une plane can he passed throiiKh three points which are 
not in the same line. 

When the pupils later l)(Tame familiar with the idea that cvv- 
tain factors "determine" (UTtain othcM' factors and when they 
un(lerstoo(I the full signiru^uice of this (*on(H'pt. they revised 
the preceding five assumptions to read as follows: 

Two inti*r>eetinii lines deti»rrnine one and nnW fwie point. ^ 

Two inter^i'ciinij lines determine (me and unly one plane. 

Two parallel lines determine one and onlv (ine plane. 

A line and a point nt^t • n tlu- lim* deti rmine niu' .ind ordy one plam\ 

'1 hree ntm-colliru-ar points determine one and only one plane. 

The word **c<jllinear had been acrepted to replace* **in the 
same line," while " non-collinc»ar " had inrn accei)ted to mean 
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"not in the same line." Similarly, the word "coplanar" was 
accepted to mean "in the same plane." 

It is well, at this point, to make explicit certain procedures 
which are illustrated in the preceding discussion and which 
have a strong influence on the content. 

1. With respect to the undefined terms. 

(I. The terms that were to remain undefined were selected 
and accepted by the pupils as clear and unambiguous. 

b. Xo attempt was made to reduce the number of un- 
dctined terms to a minimum. 

2. With respect to the definitions. 

a. The need for each definition was recognized by the 
pupils through discussion. Definitions were an out- 
growth of the work rather than the basis for it. 

b. Definitions were made by the pupils. Loose and ambig- 
uous statements were refined and improved by criti- 
cisms and suggestions until they were tentatively 
accepter] by all pupils. 

3. With respect to the assumptions. 

a. Propositions which seemed obvious to the pupils were 
accepted as assumptions when needed. 

b. These assumptions were made explicit by the pupils 
and were considered by them as the product of their 
own thinking. 

c. \o attempt was made to reduce the number of assump- 
tions to a minimum. 

d. The detection of implicit or tacit assumptions was 
encouraged and recognized as impoitant. 

e. The pupils recognized that, at best, the formal list of 
assumptions is incomplete. 

In addition to the section for "the undefined terms," each 
pupil reserved^ in his text a section for "definitions" and 
recorded in this section all definitions madf in the develop- 
ment of the thccjry. Similarly, another section was reserved 
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for listing the "assumptions" and new assumptions were 
added to the list as the need for them was recognized. 

While "angle" was accepted as one of the undefined terms, 
the teacher suggested that the pupils think of an angle as 
being generated by the rotation of a line about a fixed point 
in a fixed line. This was illustratetl by using the hands of a 
clock and many additional illustrations were given by the 
pupils, such as a pair of compasses, a pair of scissors and the 
like. The concept of angle was thus enlarged to include 
"amount of rotation," and in developing this idea it was 
pointed out that the rotation might be in cither a clockwise 
or a counter-clockwise direction from the gi\en fixed line. 
While the pupils felt that they should agree as to the direction 
of rotation, they also felt that this was a point of minor im- 
portance. One pupil pointed out that this situation resembled 
the number scale to some extent, since from any gi\'en point 
on the number scale one Ci>uk\ go "either in the positive or 
negative ilirection." This was an important contribution to 
the group thinking, and by emphasizing the resemblance sug- 
gested it soon became apparent to the pupils that if the rota- 
tion in one direction is considered as generating a positive 
angle the rotation in the other direction may be considered as 
generating a negative angle. The pupils were unanimous in 
believing that the angle should be positive when the rotation 
was clockwise and negati\-e when it was counter-clockwise. 
They were surprised to learn that mathematicians had agre(;d 
to consider counter-elockwi.'^e as generating a positive angle, 
but accepted this con\ention "since it is not important 
anyway. " 

As an outgrowth of the preceding discussion "fixed" and 
"rotation'' were added to the list of undefineil terms, while 
the following concepts were defined: 



Perhai)s it should again be emphasized that definitions were 
made by the pupils after a recognition o{ the characteristies 
of the concept to be defined. For example, the definition of 



vertex 
initial side 
terniiiuil side 
acute allele 



oljtuse atii^le 
reflex an^le 
adjacent an^le-s 
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adjacent angles was an outgrowth of the diseussion which 
resulted from a consideration of the following pcjints: 




t'JK. I Imk. 2 Fig. 3 TiR. 4 



In Figure i, what is the vertex of angle .v? What is the vertex 
of angle v? What is the initial side of angle ,v? What is the 
ternii^;al side? What is the initial side of angle v and what is 
the terminal side? Do these angles have any elements in 
common? If so. what are they? The angles in each of the 
other diagrams were examined in a similar manner and such 
an examination served to emi)hesize the characteristics of 
angles p and q which make the rel ition between these angles 
uniquely different from the rehition between the two angles 
in each of the other diagrams. When the contributions of the 
pupils were of such a character as to indicate that they recog- 
nized these characteristics, the tc^acher told them that the 
name g^iven to angles thus related was adjacent angles/' 
He then asked for a delinition of adjacent angles and there 
was unanunous agreement that: 

Adjacent angles are anj;les tliat liavc a coninion vertex and a common 
side. 

/ The teacher then drew angles a and /; as in 

/ y the accomi)anying figure and asked if they 
/ did not meet the re(|uirenients of thisdeli- 

nition. He then asked if the relation be- 
b tween a and b was the same as the relation 

^ between angles p and q in I-'igure 4. TIktc* 

was an imnuuliate response to this and all the pupils were 
ready to a(*cept the corrected delinition given by one of them: 

Adjacent angles are angles that I'.ave a connnun vertex and a eonimon 
side Ijetween tliem. 



It is inttTcsting to note that the pupils originally agreed 
that "An acnuc angle is one which is less than go""/' Later, 
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'nvc'vcr. it was pointed out by one of the pujjils tliat "Ae- 
eordinii to that delinition .v>° is an ac ute anqle. " No one 
disa^nreed with that statement , but whc-n another pupil asked 
if -iO()° was an acute angle it became clear that the orii>inal 
definition included angles which were- not nu-ant to be in- 
cluded. After some discussion it was changc-d to reatl, "An 
acuti' angle is an angle which is greater thati o' and less than 

The teacher frequently reminded the pupils that they were 
building ".\ Theory of Space" and that where\er possible 
their thinking should extend beyond the plane into three 
dimensions. Reminders of this nature soon lu-came unneces- 
sary, and many concepts of space were dewloped. The 
(juestion was raisetl, for example, as to whether it was pos- 
sible to rotate one plane about another plane just as a line 
could be rotated about another line. Through consideration 
of this i)robleni, f(jr which numerous illustrations were gi\-en, 
the concept of dihedral angles was tleveloped, while the follow- 
ing assumptions were suggested ami accepted by the pupils: 

If two plaiifH intersect, tlu-y can uitcrsfct in uiu- ami unly tmv line. 
Vertical dihedral an^leri are equal. 

The teacher tliscouraged any attempt by the pui)ils to 
memorize the definitions and assumptions accepted. On the 
other hand, each pui)il was encouraged to use his text freely 
and to refer to whatewr tlefinitions and assumptions he 
needed in the developnu-nt of his work. This served to em- 
phasize the importance of his text and was a strong factor 
in encouraging him to keep it neat, well organized and always 
up to date. .\s new definitions and assumptions were made 
they were written in the text with numerous illustrations and 
supplementary comments, depending on the interests and 
abilities of the individual pupils. 

Misuse and loose interpretations of these basic concepts 
were unusually rare, largely, in tht; opinion ut the writi-r. 
because of the fact that they were an outgrowth of the think- 
ing (;f the pupils. When a term was u.sed incorrectly, in either 
oral (jr written discussion, the pupil was referred to his text 
to check on his statement for the definition of that term. It 
wao by such means ami n(;t by memorization that the pupils 
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became familiar with the technical language they were help- 
ing to create, 

Dl'KINlTION IN NON-MATIllCMATICAL SITl'vVTlONS 

The interest of the pupils was at all times particularly 
noticeable. They participated actively in discussion ant! 
there was increasing evidence that they were learning to 
think together. The emotional controversy which had marked 
earlier efforts to define aristocrat*' and ' 'labor class'' was 
noticeably lacking in their elTorts to define mathematical 
concepts, and the teacher pointed out the desirability of 
thinking about the pressing i)roblems of democracy in this 
same objective manner. To provide opportunity for this kind 
of activity exercises similar to the following were preparetl 
and in many instances the content of such exercises was sug- 
gested by the pupils: 

III the adinitiistratiun (jf Cfrtain Ohi> .vs it brcaiuc necessary tokiiuw 
just what a restuuraiU is, and in mection with this pruhletii the 
tulluwini; editorial appeared in one uf the C'ohinibus papers: 

*'\Vhat Is a Restaurant?'* 

*''rhe art uf precise definition is not so eas>* as it wvdv seem. To 
produce an acceptable definition of a do^; calls for ability in the art 
uf lucid and exact statement. , . . 

'*\Vhat is a restaurant? Well, a harder order to fill would be: What 
is a dru^ store/ To say it is a place wluTf* ctinmierce in dru^s is 
carried on is as far alield as to >ay restaurants are places where people 
can rest their aunts, 

"Well, the Ohio State Restaurant AsstK'iation has tackled the job, 
\ui> drafted a di-linition iind will ask the Ohio Leiiislatiire to ^ive 
I hem the sanction of thrir approval vkIumi tliey sav that a restaurant 
is a place of business wIumv 50 per cimu or more of the ^ross sales 
arcrue from the sale of food-stulfs consumed on the premises," 

Now, in virw of the way in which "restaurant" has been dcfnu-d by 
the Oliio Slate Restaurant AsK)ciation, let Us consider the fcjlluwinj; 
(piesiions: 

i. The major part of the y^ross sales of the Athiniic and Facilic 
Tcti C'ouipariy is of foodstuns. Can tlu'si* stort.\s ri^^litly be called 
rej-taurants/ Wh\ / 
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J. 'I'Uv gro>.^ ^iiWa o{ uiw of the Whitt- Castles in C'ljluinluis is apprcx- 
iniatcly 5i 2.000 a Vfar. all of tliis coming from tliu ^alv of food. 
Suiiif of this food is uaien wIutc purchased while the remainder 
is eaten risewhere. If ih" amount eaten elsewhere is $(MS^,4o, 
is the W hite C\istle rightly called a restaurant,*' 

,V In the jiross sales of a business amounted to >i.^,4,V).:?7. 

These sales were distributed as follows: dru^s. Sij.jo.vi!?; ice 
cream, S.^.:?07.^>5; candy, $i,oGi)J)0 and lunches, S4.Sh'.s,f,a |n 
the liKlii of these data discuss the problem as to whether this 
place of l)usiness is a restaurant. 

4. Ibnv would you dei'ide whether or not a combined ice cream 
parlor and soda fountain which also serves lii;ht lunches ih a 
restaurant? 

5. Discuss the problem as to whether ur not a place whicli sells 
beer and lifjuor and also serves >andwiches as well as other types 
of fund is a restaurant," 

This proved to Ix* a most prcjtitable excivist\ It stimulated 
thoughtful discussion, and thi* point \vas wry dotinitely madr 
that before this sugK^^'stcd dclinition couhl be elTective in 
distinguishing restaurants from other phiees of business in 
Ohio, "foodstuffs/' ^'consumed" and "on th'; premises" 
must also be carefully defined. 

An amendment to the constitution of Ohio which removed 
the sales tax on "food" also presented an interesting illustra- 
tion of the importance of delinition and this situation is used 
in the following exercise. 

On .\\>vetnl)er the voters of Ohio approved the con^titutitinal anirnd- 
nu'ni which f>ru\idi-s that '*(>n and after .\o\. 11, no esi-ise tax 

shall be collected upon the sale or purchase of food for human con- 
sumption olT the premises where sold." Wlnt words in this amendment 
must be clearly delined in order to make eUective the administration 
ol the law/ 

A number of (juestions similar to those wliich arr sure tn ari-e anv time 
after this law is put into eflVct are su^^i->ted bt low. ron-iiU-r each of 
tlu'M' (juestions and in view of the above amendment answer them in 
accordance witli your best judgment. In ea.:]i c.se point out the factors 
on which your answer depends: 

1. Mr. (\irter went into an A and V store and purchased iliree 
pounds of beef. He hapi>ened to ^ay lie was bu\ inu this meat 
for his and the clerk insisted that a lax be charKeil. Was the 
charge le^al.-' 

2. Mrs. Pa^c purchased a bottle of corl li\er oil at the drnvistore. 
She expeeted to pay a tax on this i)urclhise but the uh*rk told her 
that was unnecessar\\ Was the clerk correct in re«)uirin^ no taxi* 
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V Tii'tl w.uUi'd tt) lm\- a Iidk of rlun-ulali's that was prikud at Sl.^o. 
IK' IkuI unlv Si. 50 in his pocket and hv hcsilali»ci lo ask for llie 
I'luH'olali's Ihhmuso he feari'il ho wouUl have to pay a tax on the 
pnri-i;a>e. Were his tears jusliiied.'' 

4. A twelve VLiir old ^irl went to tlie store to huy some l)aking 
ehoecihite for her mother. The eh*rk eliar^ed her a ta.. on tlie 
purchase. When the mother learned of tliis she said tlie rlerk 
liad made an error. She telephoned him and asked that the tax 
he refunded. Do \ ou think she shouUl j;et this refund.*' 

5. Mr. Smith askecl hir> frieml to dine with him at the Statler Hotel 
in Cleveland. I le h^id this dinner ^erved in his room on the tenth 
iloor. Wiis the Wtiiter justified in eharginj; Mr. Smith a tax on 
the amount of his hill.-* 

(». |oi» li\*ed on the truth (loor of an apartment house and bought 
his groceries from a store loeati-d on the tirst floor of the same 
ap.'U'inu nl house. He ar^iues that his viroeeries were eonsumcd 
"oif the prenii&es*' anil that therefore they were not taxable, 
I >o you a^ree with him.'' 

7. Tivm lunijiht tifly cents wiirlh of apples at a fruit store and paid 
no ta\ on thcni. fh>wever, when the fruit merchant saw Tom 
eiitiav; these .ipjiles while seated in his ear which was parked 
directK in front of the fruit store he asked him for the tax. 
Shouhi Totn pay it? 

8. Discuss in licmTid the ditVirulties which are likeiy to occur in 
administering this huv. How can they be avoided.-* 

I'or tin* i)iir{)()se of further cniphasfzin^tj the necessity of 
cdrarly drtininj^ '^sii^nitirant words aiul j)hrases" ht^fon* the 
statrim-nts which c^ontain thein am ha\'c any real meaning, 
ihv e(hirational planks in the state platturnis of the Reptib- 
liean and DnnocM'atie parties of Oiiio in the i(),^4 election 
were selected and the exrrcise which appears on pat^c* 41; was 
pri'pared : 

This kind of e.\ercise had a most helpful effect on the* think- 
ini; of the pui)ils. To compare thr way in which the K^^vrrnor 
mi:^ht hatidh* the e(!n(\itional problrtns of tlu» state with the 
educational plank o[ thr platfcwm on which he was rlrcted, 
th'i'ply imprrsM*(i the pupils with tho n-al urv^l for cleiir defi- 
nitions of such terms as " adrciUiito, " fiiir. " ^'suflicii. nt " and 
**pn)[)rr" in all such documents. 
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f Kti- ari' two slatc-inniis ri-Kiiin^ to \]w rtimaiioii of tlu' and ^;irls 
of Oliio. StatiMiKMit Ono rrprt'srnts A's virwpoiiit i i\ tliis proMuni 
whilv htati'iui'iu 'rwo ^l'p^c^^'IUs \W vii-wpoiiit. T\\v>v jitatinuMils 
hau* litlli* nuMiuii^ until n-rtaiii >iv;niliraiu uorcis (jr plira^^rs an? 
(ii'fmc ■ In \ (Mir opinion, what arc llirsc words ur plirabcsr' I.ibt tla-ni 
on tlic liiK's bt'low ihr ^tatriuriUs: 



As \*itwpoint ir^^ X'icwpoint 



I, Tlu' (ilu(*ation of rltihihotui anil 
\c»uth is a fuiuiainj'ntal oMiua- 
tion of >tatc ^i'^ <"riinu'nt. TIutc- 
tort\ w i» pli (i\;r oiirsrl\is to 
provide, witlnuit furtluT di-la\' 
ami with ^afriiuanls whii'h will 
pri»M-i\c loral rontrol, linaiicial 
Mipport of our piihlii; m-Imm>Is 
thai will I'staMish and maintain 
a rca>oiial)U- iniiiiniuru .standard 
of iducatioii *.hrouKht)iit ilu- 
^latt^ tt) the end that i.*\rry bo\' 
an<i Kirl in Ohio nui\' stH'urr an 
t'k'fnt-iuar\' and hi^h m IiooI rdu- 
latiou. 



J. \\\' ph-di^r an ad^MjuaU* program 
of >latL' ri'\ i.Tiurs. to bi' dis- 
iribiitcd hy the state to the 
eleinentar)' aiul hiv;h schools of 
Ohio, in sutlieient atnnunts to 
make up the delieieiu-y in loeal 
rex'enues determined hy ,1 fair 
foundation pro^^ram and based 
upon proper economy of opera- 
tion, fair and adeijuate salarie>, 
and the maximum amount of 
local self help. The scIkujIs of 
Ohio m:!>t be kept ojirn. The 
i*onvtii:n ion uUiiranlee*. edi;ea • 
tion lo ilu* childri-n of ihi^ state. 
We (\uinot iiilord nor can wc 
t(»lerale any backward step in 
till' etlucation of the citi/eiib of 
the future. 



l.i-t us now con-i(kr the following a^-unipt ions : 

1 . I hat A and M are candiflaies for co\ ( rn« *r nf < Ji.i.i. 

2, Tliat education is the ordx is^ue betxwin t! ( m. 

That \ou faxora ^tronl^ and eliiM ti\ i* ; i...t.tni pid-lic edu- 

<*at i<»iK 

I ndrr ihc'^i- I irciirn-tancch for whii h of ihi- iu.> c andidalo Uould 
\{>te.'' 
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AnothiT exercise which led to much thoughtful discussion 
and which again emphasized the far-reaching in^portance of 
detinition follows; 

Not many \cars a^o the Supreme Court of the Unired States rendered 
a decision concerning the relationship of the state to the schools of the 
state. In a unanimous decision the court ruled that the state had 
power over all schools in respect to tlie following mattery and that it 
was the responsibility of the state; 

I. lo recpiire "that all children of pioper a^e attend some school." 

J. To require '^that teachers shall he of good moral character and 
patriotic clisptisition." 

.V To reipiire "that certain studios plainly essential to good citizen- 
ship must he taught." 

4. To re(}uire "that notliing he taught which is manifestly inimical 
to puhlic welfare." 

N'ow hefore the state of Ohio or any other state can meet [ts responsi- 
I'ilitx as outlined in this decision it is essential to know just exactly 
what the decision means. Its meaning depends on certain significant 
words or phrases which it contains and the extent to which any state 
government wili control the schtiols of the state depends, among other 
things, on how it defines these words or phrases. 

Read this decision carefully and thoughtfully. What, in your opinion, 
are the words and phrases which nee<i careful defmition in order to 
make the decision clear? List them in the space provided helow: 



This Supreme Court decision apfilies to all of the forty-eiglit states 
and presents the powers and responsihilities which each state has con- 
cerning the schools of the state. Now the educational opportunities 
of s(»mc states are (definitely superior Ui th(\^e of certain other staios 
anrl if we assume that each state u<»vernment is etpially effectiN-c in 
meeting its responsihilities for ethicating the young peojile of the state 
how mn\- these wide diUerences in educational opportunitv he e\- 
f^lained'' 

The interf^retation of papers of state is also an exci-llent 
illustration of the fundanu^ntal importance of d(^finition. A 
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part of the Xcw Deal program, for example, was held to l)e 
unconstitutional because of the definition given to "Inter- 
state (\mimerce. " An illustration of this, which was very 
meaningful to pupils, occurred in the administration of the 
State government oi Ohio and the following exercise was 
built around this situation : 

The constitution nf Ohio ini[)osos certain obligations on the j^overnor 
as to just how he is to huiuik' a hill presented to hitu for his signature 
after it has been passed hy both houses of the general assembly, One 
sertiaf.r^^ the constitution, for exani[)Ie, reads as foHows: 

"If he does not apjirove this bill, he shall return it with his objec- 
tions in writing to the house in which it originated, which shall enter 
the objections at Lir^e upon its journal, and may then reconsider 
the vote on its passa^^e. If three-tifths of the members elected to 
that house vote to repass the bill, it shall be sent, with the objec- 
tions of the governor, to the othe" house, which may also reconsider 
tlic vote on its passage. 

"If a bill shall not Ijc returned by the ^^^^'crnor within ten days, 
Sundays excepted, after Ijein^; presented to him, it sliall become a 
hiwin like manner as if he had signed it. unh-.<> the general assembly 
by adjournment [irevents its return; in which case, it hall become 
a law unless, within ten days after such adjournment, it shall be 
filed by him. with his objections in writing, in the office of the 
secretary of state." 

The second penera! appropriation bill, commonly known as "the 
revised bud^^et bill/* originated in the senate. It was approved by both 
houses of the peneral assembly and the po\-ernor received it for his 
siv^nature on January 2X. While awaitinj: the action of the K^^vernor 
the legislators took a recess until February 25 with a definite ol)li^ation 
to rea?seml)le on that date. Tlie Rovernor did not wish to si^n tlie bill 
as it was presented o him and vetoed certain items to the i»xtent of 
S^,no2.7^4, Then on {'\'bruary 7, in view of the fact that the leKi^la- 
ture w-as not in session, he tiled this bill toc^i'ther with his ol)jecti(ms in 
the office of the secretar)- of state. Because of this actir.n the legislators, 
when they reassembled on Ke!)ruary -25. were unable to act on the 
governor's \*etoes. 

Some people believe that the p^overnordid not comply with the olili^a- 
tions imposed upon hin in the section of the constitution (juoted above 
and therefore say that his vetoes are illevcal. It is po»il.le that this 
issue mav be refern^d to the supreme cr)urt of Ohio for decision where 
it will be studied "withoui prejudice and in the clear li^ht of hjv^ic." 
(*on>ichTin>i the fact> presented here: 
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"|)c) Noii holievo that the ^i^vcrnor handlod this hill in amirdanre 
with the provisions of tho con.-titution? What are the siKniticant 
words in the nmstitutiop which must be defined before an opinion 
can be readied? How wi)uld you deline these words? 
'MVesent Nour anaKsis of this situati(jn in loiiical form and state 
your decisitwi as to the constitutionality of the way in which the 
governor handled this bill." 

In their analysis of this situation most of the i)upils were 
led to two iliiTerent eoneliisions, dependin^^ on th(^ way '*re- 
eess" anil adjournment" were defined, and the excreise 
served to iuiii)hasizc ihv. great signifieancc of defmition in 
matters of far-reachinij eoncern. 

Kxereises of this nature were not all givi^n at one particular 
period. They were interspersed throughout the work of the 
year and were siipi)leiiiented by thoughtful consideration of 
the points raised for discussion. The transfer value of this 
kind of exercise was almost immediately noticeable, for in 
other classes these puj)ils weri^ asking that vagueness in the 
use of words be replaced by well defmed terms, and they vol- 
untarily contributed many illustrations^ from other school 
experieiices and from out-of-school situations wherein their 
own thinking had been clarified because of their improved 
ability to select "significant wortlsand phrases" which needed 
(letinititKi bef(;re their meaning was clear. 

IMTLICATIONS OF DIvFINITlONS .-VNO ASSfMPTIONS 

At the beginning of one class scission tlu^ ti^acher had drawn 
two intiTsecting lines on the board, as // and //' in the accom- 
panying figure. (\)ncerning this diagram he had written: 

. A^sjonr that // is lixetl in position and that 

re\-olsi-s about ( i in a i-ountercIoeUwiso diret^lion. 
4 ^y^^ Siai^* all tht' propcriies of the ret>ultinK liKure 
/^^/^ o ^ that yon are willing to tien-pt. 

^ W'hiK^ these* properties" werc^ stated 

^ in a variety of ways the ideas were clear 

and. in gi^ncral. e\i)ressed. 'I'wo pupils wen* abst^nt. The 
ro-^ponsrs of tlu* remaining twenty-three are summarized in 
Table 7. 

^ Tlu -c il!u-tr.iti*>ri.-. Iiave been MUninari/ed in Table u. p.i'w:e lad. 
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ui i i<M'(H;Ni/Kn nv i»riMi.s whhn' om- um-. 

Hut \ 11'.^ .\Bi»rr A KlXi'I) IHUNT IN ANOTHHU 



/» anti h' can he extended indefmitely. 2\ 

X'ettical anj^Ies are alwavs ecjual. 21 

h and V determine a plane. j ^ 

An^jles a and r ^et lari:tT while an^^lrs //and f/ viet >maller. i« 

There is a time when the four an>;le^ fornuMl are t'tjual. 17 

There is a time when // \< perpendicuhir to h', is;^ 

When the four angles are equal /; will be perpendicular to h'. 5 
Angle a is never smaller -in u^. 

Angle a is never larger t/ 1 36o^ 1^ 



These results were presented to the entire dass. They wwv. 
discussed, critically examined and clarified. One pupil pointed 
out that the last two were based on the assumption that A' 
started its rotation from the position of // and that its rota- 
tion was limited to one complete revolution. This discussion 
also led to the agreement that: 

If two lines intersect In such a manner that the adjacent uncles thus 
form- d are ecjual then the two lines are perpendicular. 

Urifrinally perpenfiicular lines had hec^n delined as •'two Knes 
which make anj^les of 90"^ at their point (jf intersectitjn/' ant! 
the limitations of this d^'finition were now ai)parent. 

The properties of the accompanying diaKram were similarly 
explored. In this case, ihe pupils 
were given the following suggestions : 

.1 <^t(rur that t.Mnd //'arc two linos intersect- 
ing; at and that \ and //' are fixed in pf>-i ■ 
tinn. Let 0 he any point on other than- 
ti' and let line // rotate about p'»int (K 

Wliat i>rni>ertic> n\ the resulting; fiv;ure 
are \t)u willing lo av-cept.'' 

While main- of propertii's list(vl rrseui^Ird th^st* in the 
preccdifii^ tal>h\ there wvrr in aciditi(ui other {>roin*rties whicl) 
rel'^trd not only to tin* position of h with respect to 7C hut also 
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to the position of // with respect to h\ Attention was fo- 
cussed on the three that follow: 

There is a time when // is parallel to h\ 
There is a time when an;^Ie a equals anj;Ie (i\ 
When angle a ecjuals an^Ic then // is parallel to h*. 

While these properties were not listed by all the pupils, the 
last being given by two pupils only, they were accepted 
without objection and some pupils expressed annoyance that 
they had on c looked them. The teacher now referred to the 
original defmilion of parallel lines, which was ** Parallel lines 
are lines that will never meet even though extended in- 
(letmitely in either direction/* and pointed out that it would 
be difficult to show that two lines met the requirements of 
this definition just as it was impossible to show that two lines 
made angles of 90"^ at their point of intersection, since meas- 
urement is not permitted in demonstrative geometry. He 
further suggested that since perpendicular lines had now been 
defmed in terms of equal adjacent angles'* it might be pos- 
sible to define parallel lines in terms of equal angles. The 
response was prompt and one pupil gave the following defi- 
nition : 

Parallel lines are lines that have the same rotation from another line. 

'I'his d(*finition was criticized and was soon corrected to read: 

r.irallel lines are lines tliat have the same amount of rotation from a 
line wliich intersects them. 

The pupils now seemed willing to accept this definition and 
the teachcT apparently agreed also. lie then proceeded to 
draw (lifftTcnt diagrims, inserting numerical values for the 




sizes of the angles, and asked if the 
conditions were such es to make the 
lines parallel. Among these dia- 
grams was one similar to the figure 



at tlu* left and the usual question was asked, ^Tnder the 
assunu'd (7)nditions, is li parallel to //'?'* This development 
s(tv(m1 to make (explicit that which the pupils had been as- 
suming and iHuslrated most effectively the importance of 
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•• tacit assumptions. " Many pupils then voluntcmvl to correct 
turthor the dctinition of parallel lines and in its fuial form it 
was: 

f^arallel linos an- linos which have the same amount and direction of 
rotatKin from a iuio which intersects them, 

Some question was raised as to the neecvssitv for defining 
(hrection," hut there was general agreement that this con- 
cept belonged ainong the undefined terms. 

Many of the implications of this definition wore recognized 
at once. I'he teacher placed the accompanviiig diagram on 
the board and askeu the pupils to assume that // and h' were 
parallel and that angle a ecjualed 80^ Without any apparent 
difhcultyrz// pupils then gave correctly the 
size of each of the other angles in the figure. 
I>atcr the problem was made more general 
and the pupils were asked to study the 
properties of the figure below in which 
and //' are assumed to be paralle'. No one 
failed to recognize that under these con- 
ditions .V = V and It' = V. Fowever, more than half the i)upils 
imited their analysis to these two statements because (it was 
later learned) it was assumed, since only these angles were 
marked, that no r)thers were to be considered. The other pu- 
pils however, inserted additional letters and gave most of the 
familiar relations between the angles formed when two parallel 

lines are cut by a transversal. 'I'hese 
relations, however, were stated in 
terms of the particular angles in 
this diagram, and when the teacher 
suggested that they be generalized 
^ ^. to cover all parallel lines the strug- 

gle to state these relations in gen- 
eral terms was found to be due to the difficulty of explaining 
just what angles were meant. For example, one pupil, in at- 
tempting to generalize the statement that .v = v, expressed 
himself as follows: 

When two parallel lini's an- intorscrtod by another line anv outside 
ansle is e(nial to the nun-adjacent inside an^;lc. 
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and whvn anotluT ()Ui)il i)f)iiiti'(i out that **nc)n-a(ijacciit in- 
si(ir ani;U!" mii»ht niran any one* of thr thrcni **insi(ir" angles 
that wvw non-adjacrnl to .v, he rex'isiui his (Kiginal statement 
as follows: 

WIuMi two paralU'l liiu's an* inttTscrti'd by • notlu-r lino an\' outside 
an>;U» is ku\\u\\ xo tlu' non adjarnn inside du^U- on Uie same side of ihc 
line wliieli inlcrseets the twtJ parallels. 

The inipils reeo^ni/ed the awkwardness of siieh a statcuiient 
and were rcuidy for the su^^(»stion of the teacher that a name 
In* gi\'en to **the Hne whieh int(Tsects thr two parallels'' and 
to any two anj^K^s so h eatcnl with res|)eet to this line as are 
angles .V and i\ As an outgrowth of this discussion the follow- 
ing definitions were acceptc-d; 

A transversal is a tine whirh intersects two or more (uhor lines. 
When two lines are cut l>y a transversal any (uitside an^lc and the 
non-adjaeent inside angle on the same ^ide (^l tlie transversal are 
iorrespondiyig dUiiles. 

Before* acc(*l)ting this se(X)nd dc^tinition howex'er, the (iiVcs- 
lion was raised as to how **outsl(Ie" an i **inside'' were de- 
fined. After some discussion it was (U*cid<*d to place these 
anions the undefined terms. The hrex'ity and cc)nciscness 
with whieh it was now {possible to state thi* familiar theorem 
conc^erninj; *'corresi)()nding angles of parallel lines'* impressed 
the pupils with the convenience of carefulU* defined terms. 
The* idea of **converse statements" also dex'eloped from this 
discussion, and the point was made that wiien one* accepts a 
definition he also accepts that definition wIkui turned around. 
This was rmall>' stated as A delinition when turne(l around is 
acce|)tal)le authority" and was ri^^arded as an assumption. 

Througli a continuation of such processc^s the tiieorc*m 
conc^erninj; alternate interior angU\s of parallel lini^s was estab- 
lished and the class extendiul this to co\-er alternate exterior 
angles as well. Souk* of the pupils felt that these relations 
should he a(XH*pted as assumptions hecausr **an\'one can se<} 
tliosr an.ules art^ (*(|ual/' while othfi'S Wf»rki'd c^ut deducti\-e 
proofs for them hc^CcUi-^c the\' ^'enjoyed il.*' ( )f the twenty- 
fl\-e pupils. lu)Wf\*cr, no otlf su,ui;t*slcd thr relation between 
the two interior angles on the ^anle side 'd* the transvvrsal, 
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aml till' tcaclu'r (lii-i-cicd tlu>ir attention to this relation in the 
following manner: 

Assume: // aiui /;' to \k- two paralk-l linescut hv 
the tratisviTsal /. 

Do these Coiuiitiuns iiniily any rt'latloii lu'twfi'ii t 
angles a and < ? 

In their Study of tili.s situation some pu- . ^ 
pils inavv a definite vahie to the size of ^ ^' 
angle a and then proceeded to show tiiat for that particular 
value angles u and c were supplementary. They were encour- 
aged to give other \-alues to a and to see if the? same relation 
held between a and c. Other pupils discovered this relation 
without usmg angles of definite size and presented a satisfac- 
tory proof for their conclusion. Kive pupils made very little 
progress in the study of this figure until such questions were 
asked as "W hat is the sum of angles a and a'?" and " Do you 
know anything about angles a' and c?" I'inally, both ap- 
proaches to the proof of this theorem were discussed and ex- 
amined. While the words "inductive" and "deductive" were 
not used, the essential difference between the two types of 
proof was emphasized and all pupils felt that the "deductive 
proof" was more convincing. It was pointed out. however, 
that this proof depended on an assumption which had not 
been stated explicitly and this led to an acceptance of the 
assumption that: 

A quantity or magnitude may i)C suiistitutcd for its eciuai. 

The first statement of this assumption was awkward, loose 
ami inaccurate. This statement was criticized. impro\ed ar.d 
finally accepted as above expressed. However, in the course 
of this discussicni numerous pupils asked how "cjuantity" 
and "magnitude" were defined and in the end these were 
I)laced among the undefined terms. The teacher then asked 
the pupils to generalize the conclusion, and an attempted 
generalization, followed by criticism, suggestion i.nd refine- 
ment led to a statement of the ocucnil theorem which was 
accepted by all the i)upils. There had already been agree- 
ment that "the converse of a definition is acceptable author- 
ity" and following these theorems on parallel lines the teacher 
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raised the (juostion whether the eonverse of a theorem was 
also acTe{)tal)le authority. Many pupils beUeved that the 
converse of theorems should be accepted, but the converse of 
such propositions as: 

If a man lives in Columbus then he lives in Ohio. 

All riKht angles are equal angles. 

If a man is rich then he can buy a car. 

impressed all of them with the necessity of proving a converse 
before It can become an acceptable authority. The converse 
of each theorem already established was stated and most of 
them were proved. 

These theorems were regarded by the pupils as implica- 
lions of the definitions and assumptions they had made. 
Each pupil reserved a section of his text for 'implications 
of Definitions and Assumptions" and in this section placed 
all the implications which he established, giving the proof 
and generalized statement for each of these theorems. Wher- 
ever possible, corresponding three-dimensional concepts were 
considered and many properties of l:uclidean space were thus 
accepted. The real purpose of this extension into space was 
to give the pupils an opportunity to visualize three-dimen- 
sional figures and, in general, no proofs were given. How- 
ever, three of the pujnls became greatly interested in this 
three-dimensional work and did prove a large number of 
theorems concerning the properties of space. 

The teacher had a definite purpose in directing the thought 
of the pupils to the relation between the two angles on the 
same side of a transversal which intersected two parallel 
lines. With Figure i on the board - 




Fig. 1 
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he asked the pupils to assume that h and h' were parallel and 
to write down all the resulting implications. Among these 
was the statement that angle p + angle r = i.So°. He then 
asked them to assume that h is lixcd in i)osition but that /?' 
rotates around the fixed point P. Much emphasis was placed 
on the fact that the slightest rotation of h' to either the right 
or the left brings into the (inite plane and under control a 
point which, when the lines are parallel, is beyond control. 
It is the point at which h' will intersect and although it 
may be at a very great distance from R the assumption that 
non-parallel lines in the same plane intersect defines its exist- 
ence. The pupils participated in this discussion and to a 
large extent guided this development by their questions and 
contributions. The teacher suggested that they stuiiy what 
happens when the rotating line li' takes a position such as 
that indicated by the dotted line //" in I-igure 2. The point 
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r was thus defined and a pupil pointed out that PRT is a 
triangle. Another pupil said. '•How do you know? Triangle 
has not yet been defined." The definition of triangle earlier 
accepted but never used was then recalled, and when a pupil 
pointed out that a diagram ccjn-sisting of two parallel lines 
cut by a transveioal might be considered "a figure with three 
hnes as sides" the original definition was changed to r<"ad: 
.•\ triaiiulf IS a closed fij;ure with three lines as sides. 

The teacher then raised the question of wnat ha{)pened to 
angle p as the line rotated around P in the direction indi- 
cated. '1 he i)upils promptly agreed that the angle p was madi" 
smaller by the amount cjf rotati(m but that with the rotation 
there appeared in the figure a new angle / whose- s'uv was 
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iilways ('t|\uil to thr aiiiniiiit which aiii'k' was iIi'iTcasiul. 
'I'luis, if allele J> is ih'i'ri'asril hv // thi*ii / - hccaiisr //" is 
a transx'rrsal cutting the paiMlli'l HiU's h and h* and iht* alter- 
nati' iiurrior aii.tih's of paralK'l Hues aiv e(|iial, SIiuh' k\\\\}}v r 
is fDiihtaiit aiul siiu*c the (U'(M*i*ase of aii.ule is o u'tly bal- 
aru'i'd by the ii;erease ot aiiLiU* /, then* was uiiaiiiiuou .ippro\'al 
of the statenu-nt that an.ule r an.^le RP'l^ + m\^\v I =^ iSo''. 

AftiT a further stiuly of this limire. iiududin^ the ehaniies 
that oeeur as li' makes otu* eoinph te n^sohition about /^ \hv 
pupils wriT asked to ih*aw an\' ti'iani'le and see Avhat tliey 
eouKl iHsi-o\-er about the sum of the angles of that partieuhir 
triaa.uh*. All of them fi*lt that the sum was iSd' but nu one 
kiiew, at first, just h(AV to i)roc'eed to deiuonstrati* this fact. 
Ih)We\*eri aftiT thou.iihtful studs* followed by a su^^c*stion 
from the ti'ai'her that reference to tin* dia.uram of Xhv pre- 
ei'ilin)4 ilisiHission mi.uht i)n)\'e hi'lpfuh there was Increasing* 
exideiuH' from all parts of the room that ilisi^)\-i'ries \vi*re 
bcin^- made, and before tlu* t^lass perioil was o\'er se\-entt*i'n 
of the twi-nty-four i)U|)ils i)resi'nt had worked out an '*accei)t- 
able" proof for the theorem conci*rm*nm tlu* sum of tin* angles 
{)f a trianiih*. 

Tin* ord\' n-al wi-akmss in each of these se\-enti'i'n proofs 
was found in the stati mep.is relatin.u to the drawinj^ of the 
auxiliary liiU* through oUr of the \rrtices. All the pupils felt 
thi* neeil foi' sui'h a line am! all of tluMU drew it. liowewT, 
twi-Ki* of tlu'in said nothinjL; whati'\*i*r as to when' this line 
came fi-{)m or how it was di'awn. althou.uh in tin* n*maincK»r 
of tlu' pi'oof it was assuminl to bi* pai'allel to tlu* side opi)()site 
the \i'i'te\ thi'ouiih which it was drawn, l-nur of tlu» pupils 
<lid sa\- that the line was drawn jjaralU'l to whate\ iM- the* naiiu* 
of tlu' side happi*ni*il to \k\ but iliil not sa\* that this line was 
to be drawn thi'ou.iih an\* particular \i*rti'x: nor did they fei*l 
tlu' ni'i-d for an\' authoritx* to support this i*onstructio^\ hi 
the proof of only otu* pui)il was the statement " I )raw a line 
thr(»u;<h -1 in such a wa\' that it is pai'allel to I^C and as an 
authorit\' he i;a\'i' *\ui\' lu-lpin^ lim* can be ih'awn.'' 

Thi'si- pro(jfs an* i*allei| " aci{-|)tabli' " bi*cause in each of 
thi-m thi- baMc n;atlu'matitMl ideas are acceptable. Their 
weMkne>> ]\r> \\\ Ku k of [)i-e( isi' aiid accuiati' stati-nu'tit. All 
(»1 t h' ui. h' 'WiA ei". ^•l I A i ij a^ e\( elleiit illustrations of the w ay 
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in whit Ii uiiicTii>,iii/( (l .i>sunii)tuiii«^ i-an i rcTp into utu''s think- 
ing and (IrtiiiicfK- aWvci iH.nchisions. The- pupils wnv ini- 
proM-d and, in ilw judKnu-nt of thi- writc-r, .ui'i-atly hcdpi-d 
by the disi-ussinn on this point and wanti-ii tcj make- i-xpiii-it 
thosi- assuinpiions wliich wxtc inipHcit in their proofs. It 
was thus that tht- famous paralU-l postukitr of luicHii was 
approached. Tlu- various statements of this assumption that 
were madi- before it was expressi-d in a form ai'i-eptable to all 
are interesting-. The original statenu-nt, which is the first of 
those Kiven below, was critiei/i-il, inipro\-ed and furthi-r im- 
proveil as indicated by those statements which foihnv it: 

A iinr ran Ik- diauii par.illfl to aiKiilur liiu'. 

"i'lirouuli any imiiit a line lan \<v ilrawii inrullfl to anntluT line. 

■| brminh any point nut on a ^iv(.•n lint- it is i)()>Ml,lf to draw a line 

parallfl to tlit- ^ivfii line. 

■Iliruuiih a nivm point not on t given line it is p()>sil)le tu draw one 
.ind only one line parallel to tl:e ni\ en line. 

I'.nouKh of the history of ICiiclid's assumption was ('i^inissed to 
stimuhite and retain the inti-rest of the pu{)ils and also to ^ivc 
them some bai-k^round for the hiter discussion of the assump- 
tions which li-d to non-luiclidi-an j^cv^inetrivs. As a ^eneraHza- 
ti«in of this theorem one pupil volimteeretl the statement: 
i !:e .mslf.- .i tri.ini^le eiju.il ixr'. 

and a number of the pupils a.^n-ed with this statement. Other 
pupils. howi-\ cT, su^Ki'sted that it be ri'\ ised to n-ad: 

'I l.( .-uni of tile an.;!f- ol' .iin tr:.;iK:ci> i^o 

and asan illustration of tlu- critical maimer in which the pupils 
were thinkin.u still another su,u,U' <ted that "in ordi-r to be 
more aciHirate" this .uim-ral statei.u nt should be-: 

I ! e .-uu! I'l' the inu rifi- .mtli.-, .ii' iti.ir..,lf i- i -^n'. 

To ihis tluTi' was unanimous a.;^nc-meni and the complete' 
proof of the theori-m. fu||<,uc d by tl-.;- .uen. ral statc-ment. was 
placrd in each tc-\tbook in whatc-v .-r form semied loi^ical to the 
indi\ idual pupil i-onccTiu-d and best suited his abilitic-s. 

•At this point, it vill be- h.-l,dul to sunuuari/c- the .uc-ncral 
princ-iple> and mc-thod> b\ whicli " implirations of deimitions 
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and assumptions" or "theorems'' arc^ (liscox'tTcHl. If the 
pupil is to havt» the o()portunity *'t() reason about the* subjtrt 
matter of .ueometry in his own way." no theorem should hv 
statetl in advance; f( r tsueh a statement fixes, to some extent, 
the direction of his thouj»ht and iK'i)rives him of discovering 
for himself the mathematical relations which control a situ- 
ation. \\ hile in some cases assistance is certain to he* needed 
the teacher should consider himself nothing more than a guide 
who^ directs toicvrd the discovery and clevel()i)s within the 
pui)il^ increasing i)ower to discover for himself. The general 
principh's and methcnls which were followed in dex'eloping 
this sense of discovery and which are inherent in all i)receding 
illustrations are summarized below: 

1. No fcjrmal text is used. Mach pui)il writes his own text 
as the* work develoj)s and is able to express his own in- 
dividuality in organization, in arrangement, in clarity 
cjf presentation and in tlie kind and number of inii)lications 
established. 

2. 'Vhv statement of what is to bc^ prox'ed is not given the 
pupil. ^ (\Ttain i)roperties of a figure are assumed and the 
pupil is given an opi)ortunity to iliscover the implications 
o{ these assumed properties. 

3. No generalized statement is made bc^fore the pupil has had 
an opportunity to think about the particular i)r<)perties 
assumed. This generalizaticm is made by the jjupil after 
he has (liscovtTcd it. 

4. Through the assumptions made the attenti(,n of all i)Upils 
is directed toward the discovery of a few the(irems which 
sef^m important to the teacher. 

5. Assumi)tif)ns leading to theorems that are relatively un- 
important arc^ suggested in mimeographed material which 
is avai!al)le to all pupils but not recpiired of any. 

6. Thc^ major c^mphasis is not on the statement proved, but 
rather on the* nicl/wd of proof. 

The extent to which i)upils j)rofii from the guidance of the 
teacher varies with the pupil and the supervisc^d study 
periods are particularly helpful in making it j)()ssible to 
care* for these* variations. In addition individual confer- 
ences are planned when advisabU*. 
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Tcaclifr^ who arc cuiu-triU'd lu.t nuirly l)y ilu' ul.jrc tivi' 
M"als rr;u'lh'(i l.\ t lie pii] .ils, l<ut (luitr as truly with tlu- artual 
j;rarchin.i;s t hmisi-K rs, " will nHo-ni/r that wiu-n tlu- sukk»'«- 
tii'Ufj in J and arr traiislalcd into actual i-lassrooin practice 
thi- opportunity tnr <lisco\vr\-. to w hich n) many teachers of 
tiiathcinatics Imd \crbal allc,;^iancc. is prcscrvi-(] t'or the pu- 
pil. Also, the su.;Ki'>li":is in 4 and 5 make it possibk- for 
carh pupil to develop "whati-ver secjuence will i^ivi- him tlu- 
Kri-ate..,t sense (if acc.ini.lishmcnt." an.l while, as indicated in 
4. theri' is a small numlu-r of theorems which I'onstitute a 
common l.ack.i^n.und for all pui.ils and which serve as illus- 
trations of what proof reall\- nuans. pro\i-i(,n is niadi- for 
orlKinal work conimen-urate with tlu- aiiiiities and i^tl•rl•^ts 
of rach indivi.lual pupil, l-recjucntly. the ..ri.^inal workDf 
one pupil is of such a i haracter tiiat it has very real value for 
all otiu-rs. and in such ca^es it is presente.j l.y tin- pupil to the 
^roup for critic'^m and <liscussion. 

In order that the i)rinciples discussed in the prei ediiii^ para- 
.uraph may l.e still further claritu'd. an actual illustration may 
be helpful. lIowi\er. to aiipreciati- the >i.^ni!icaiui- of this 
illustration it is essential that the expi^rienc. ^ of the class pre- 
cedinK this ilhisrration he e\plaini-d. I'aralK l line^ had l.een 
(lelined as "lines ha\in.i; the >ame an;ount and din-ction of 
rotation from a line which inter^ects tluni/" and the follow- 
iiiK tlieon-ms wi're lomnion to the e\pi-rieiue of all pupils: 

II tw.. (..ir.ilicl lii..- .uv . .. 1-. ., ti„.,-- , .,;,,.r„.i:,. i,u.-ii,.r 

angler, .in- c.ji.al. 

ll two I'ar.ill.l li.h-. ..u. .i.i i.; .1 ir.Mi-v.T-,.!. ti..' tu.. iiM.-ri.-r .u.Ji- 
i.n tl.if >aiiu- M(lc the ti.iii-\ i r.-.il .in- .-uj [.IciK.Mit.irx . 
Il lino in 1)1. ■ .-.uih- aic .iit l-. .i t mii-v . r-..l .,ihI ii tl.,- 

altcni.m' uilcnnr .in- .--.iial. t!.< ii tla- tu-. iiiu-^ .lu- | .ir.illi.-l. 

I la- ^UIn el iiiii-rii.r aiij;li->. i.| .1 triaii.ult- i> l^.c. 

A number of pupils had I'stablishcd man\- other propertie.-. of 
parallel^ Imt ..nly the four theorems abo\i- had be»-n proved 
by adl pupils.^ Con.urui'nce h.id bei-n di-cussed .m-l di-iined ami 
a consith-ration of the condiiions which maile trian.uh-s con- 
gruent had leil t(, the acci-ptancc of t lu- followin- as^umptions; 
It t\M. iri.ui-.:!,-.-. two .niul.-s and tl..- in.-li;<lc.i .,1 ,,m- 

rc^|.(•.•tlv,-K■ I.. t\v .ini;le.< .nu! tla.' iiuliui. d -id.- ..1 tla- <.tl,.-r. th. i. tl.i- 
triaM>;U's arc t.i)iij;rui.'iit. 



ERIC 



f,4 



TIIK TIlIkTKKNTH VKAKBOOK 



If two triiiiiKlf^ li.ivr two .sitlt-s atui ilu- iiiiliuit.nl .tn>:li' nf mu* f<|u.il 
rfS|K»fti\ fl\ It) twn ^itll•^^ aiui the iiuhui^ii anu'i' llu'niluT. llii-n the 
triaUKU-s art- run^nifiU. 

With only this background in common the pupils \v(to work- 
ing during a period of supervised stud\' on \vhate\'er seemed 
most important to them at that particular time. Some wvrv 
bringing tluMr textbooks up to date, some were analyzing 
certain types of non-mathematical material which claimed 
their interest, whih* some were in\ estigating one set of assump- 
tions and some another. .Among the situations a\'aihd)le was 
one which relateil to the at\-omi)an\'ing tlgure, The sugges- 
tions given were as follows: 

1, .\>>uiiu» that aiiiiU* ti = aiulr What are tho 
rr>uhin^ iiuplii*atiun-*? 

J AsMiinr ill aiiditiun that ani;lt* /' = aii^h* r, and 
>tu(ly the ti^urt' iur any added iniphcations. 

.V N*«j\v i*()nd)ini- with tlu* two preceiHnu a*-Mnn[)- 
ti()ii> the achlitiMiial a>snnii>tit)n that Hli - f\i' 
and tr\ tn di>euvrr what aiUiitii)nal proprrtii^ an- 
iniphi-<i. 

l*he teacher ol)ser\*(xi that a numl)er of pupils were working 
on this exiTcise and he also ol)St'r\*eil that the vari;;tion in 
results offered an excellent opportunity for general discus- 
sion. He therefore asked that ail students direct their atten- 
tion to a consideration of these results, which were presc^nted 
to the group by the individual inii)ils concerned. This proved 
to be a most profitable discussion and revealed in a rather 
impressive manner the cumulative effect of additional assump- 
tions. h\)llowing the* assumption in 2, some pupils reported 
that triangles ABII and /lA'Chad the same shap(\ l)ut no one 
made any attempt to show any line* segments ecpial until the 
third assumption was a\ailal)k\ One pupil, however, who 
luul given n(; previous thought to this set of assumptions, 
raised the (juestion whether it was necessary to pro\*e any 
triangles ccuigruent to show that All ■= AK, Ac saitl he 
believed this followed at once from tlu^ assumption in 2 for 
that assumption did imply thai angle ^ an; and **if 
those angles an? (^jual, tlu^ sides (opposite them wouUl hav(* io 
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\)r vi\uA\/' DilitT pupils su[)p()ri(»(| this stati»iiu»iit but all felt 
thai ii must In- proxrd In^dnv it could \)v ai-ci'ptud. Xd one 
sii}i\m»sti'd that it \)r n\'i)xim/vi\ as an assiiinption. 

Al ihi: rlosi* of till' [HM-iod thrcH* pupils wi-nt to tlu' tcac^hrr's 
olUcv and workrd indr[)rndiMitly in an rtVort to proN'e this 
coni-lusion. Two of thrni wviv surc\'ssful, axul the next ses- 
sion ol tlu' class opened with one of these pupils presentinj^ 
his proof to the entire i^roup. lie met some resistance, partic- 
ularly from those who themseh'es had been unable to discover 
a proof, and the naturr of tlieir criticism reveals the (juality 
of thi^ir thouiiht. When the bisector of an^le II A K was drawn 
the ipiestion was raised whether an anj^ie could be bisected 
and whethi^r or not this bisector had tu intersect IIK, These* 
criticisms n^sulted in healthy (h'scussion, and as an outgrowth 
of this dismission tlie folk)win.u assumptions, which were im- 
l)licit in the proof but previously unrecognized, were accepted : 

h i> po.^>i|.h. to dr-.iw a liiu' Iji-^vrtin^ an dny,\i\ 

A Wiw Inx-riln^ an ariKli* (»f a trian;;lc nni^t iniiT-rct tlu* tippnsite mMc. 

Here, thi^n, is an illustration of hov. a (luestion raised by one 
pupil led to the ()roof of the g^^neral theorem that: 

It tuii an:*;U > i»i a triaiuh* an- 1 *jual, llu- >UW> t.|. polite* iho^v aii>»U»s aie 

even before tlu* "isostrlrs trianj^le" had lu-rn (h'tined. TIk* 
converse of this chron-ni was su,u.uested aluMst imme(b*ately 
ami was prosetl without serious ditticulty by most members 
of the class, 

INDl'CTIVK PKOOI* 

The insiTtion of the word *'intiiior** in tfie .ui-neral state- 
ment of the theorem dealing with (he sum of the angles of a 
triani^Ie Iccl lUcUiy pupils to ask if a triani;le luul **any ''xterior 
an.i;Ies. Illustrations of exterior aniiles were thereupf)n i;i\ en 
to th'-m and a definition of this conecj)! was deri\-ed from 
a study of these illustrations. The epiestion was innnediatel\- 
raised: "What is the sum of the exterior aniiles!-"" and this 
led tn a CMiisideration of what was meant by extending; the 
siiie> "in succession."* The pupils (hen discovered the sum 
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of the i»xt(»ri()r an.iilrs to \)v 3(10'^ and most of them made the 
following ^c^iUTahzation : 

The sum of ihu exirriur «in.i;U's n[ a triangle is twice the sum of the 
interior ani;lt*S' 

The idea of studying the sum of the angles of a fiKure of more 
than three sidt^s appaivntly occurred to none of the pupils, 
but since the teachtT desired to use this opportunity to em- 
phasize the* nature of induction, he raised the question as 
to how the sum of the int(Mior an.ules of a four-sided figure 
might be found. \o further suggestion was ncedeci. The 
l)Upils rec(\uni/(Mi the possibilities, and figures wiih various 
numbers of sides were drawn on tlie board. The teacher su^- 
gest(»(l that in studying the sum of the angles of these different 
figures it would be heli)ful to arrange the work in tabular form, 
and outlined a table for this purpose. While some pupils 
generalized after only two cases, there were souk^ who failed 
to recognize the nature (if the process and did not generalize 
at all. In(li\*i(lual confert^nces with these pupils schemed ad- 
visal)l(» for the purpose of clarifying this method of reaching 
generalizations. 

As an outgrowth of this work ^Miagonal" and '^polygon" 
were defined as well as some of tlu* more commonly used 
special polygons, such as **(iua(lrilatei'al. pentagon, hexagon" 
and the like-. No pu{)i] luui apparentU' gi\ (»n any thought to 
the sum of the exterior ang](»s of th(\se polygons, and in reply to 
a question concerning the sum of the exterior angles of a quad- 
rilateral practi(\illy all of th(^ pupils indicated that this sum 
would be more than the sum of the (^xterior angles of a triangle. 

I'^urther cpiestions revealed that this conclusion was related 
in the'V thinking tn ihv idea tiiat " ihv greater the number of 
sides, the greater the sum of tin* angles. '* .As they gave more 
thought to this problem, however, some b(»(*ame more cau- 
tious while others lu^canie more certain. This latter group 
argued that : 

Since tlio ,<\in\ of the t-xti-rior a^e.ll•^ nt a tri.in^ie i> twice tlie sum of 
till' iiuerior au^lrs. tlu-n ilit* sum llu* t \ttTi(«r angles of a <iua(lrilateral 
must he 720 '. 

Discussion \vi\ to an explicit statement of the assumption on 
which this .i;enerali/ation was based, and the teacher used 
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this as a fiirtluT illustration of how hichlrn assumptions* affect 
conchisions. Sonu> of tht> rnori> cart-fiil thinkers had hy this 
time found th(^ rcfiuirt-d sum and all were surprised that it 
\vas the same as that for the exterior anodes of a triangle. 
FolIowtnK^ a simihir inx estiKaiion by eaeh pupil of the exterior 
angles of a pentagon, most of them were ready to aceept the 
generalization: 

If the sides of any poly^ioii .ire i-vtrtHird in stmvxsioii. tlu' sum of the 
exterior angles thus fornieci is .V'(>°. 

The pupils realized that here was a "new way of reaching 
generalizations" and the nature of this new process was ex- 
aniim-d in deta''!. Many illustrations of induction were given 
by flifferent pupils, and the teacher added others which were 
drawn from various fields of thought hut p>articularly from 
the sciences. Among these illustrations were some" which 
showed the failure of induction, and the dangers and limita- 
tions of this new method of thought were recognized. As an 
outgrowth of this discussion the following general principles 
were accepted : 

/»!./ •«/,-<.>; i^ the proi-os nf reaching a Reneral corulusiiiii through the 
sfn(l\ (if particular (mm-s. 

No one (-an he (ertaiii that i-oru lusiniis e^tahli^hed by iruiuction are 
true. They are ord\- probaLK true and the probahilitv" iiurea-i-s with 
an im rc.i-f in tlie nuniluT of eases for which tlie i (.m hi-ion is shown to 
lie true. 

I he validity of the generall/atioii is destroyeii if only (uie instan. e ran 
be shown where it doi-s tiot hold, 

.\ roncluf:i(.n ostablishcci b\- induetion depends on r!,c a-xuinption that 
all ease- which have not been studied are ju>t like tli.-e whitli have been 
siudieci. 

While the pupils were fairly cautious in accepting the ahsf)- 
hite certainty of conclusions estal)Iishe(i hy di-duction, all of 
them felt that th(>y W(>re "much more certain" than those 
estahlish(>(l^ hy induction. This is. it seems to the writer, a 
most j^iKnilicant point, for in the course of the same discussion 
in which the ahove principles were abstracted from the gen- 
eral process there was agreement with the pupil who .'^aiti, 
"( )ur assumptions are established by induction." which iTieans 
that these assumptions have only probability in their favor. 



ERIC 



TIIIC TIIIR TKl-Nrn VKARBOOK 



It .sirms. tlu'ii, thcit at this tinu' ilii' pupils faiird in roali/r 
thr li\uii-al rrlation lu^twrc'ii ('(Uirlusions n^aclu'd dcMiuctivt^ly 
ami the assuniptinns wliii^h imply tlu*so cdiirliisions. f(ir how 
can roiu'lusions rcai*hcil di'iliu^tixdy hr any "nioiv aTtain" 
than tht* assiinipti<.ns on whii^h thry dt^pi^nd? 

Armiint*nt liy imluction is n^t liniitcil to the lu^ld of niathi*- 
nuitifs. and if thi> nu'thoil of thouj»ht is to be* K^arncd "in 
conmrtion with the lu-hl to which transfer is desired/' the 
pupil should he prov ided with an opportunity to analy/e such 
arj^unients in ntui-niatheniatical situations. It often occurs 
that an eilitorial writer usi*s induction in an effort to estab- 
lish his major thesis. The follnwinii' i*\ereise illustrati^s one 
way in which editorials usiuK this method of proof'' can be 
us(»d to ad\*anta.ue: 

K)|lt»\\ iii>; {]■.{' w.irKI war ilu- i;n\ crninnit uf ihr Tniud Si.it^-s ^avi* to 
i'\rr\ iliuiMi- M)l(iirr l^r ii an .i<liu^titl r()ni|.oTi>ation 

• •i rtirn alr whit h i-^ i • 'iiMiu niix kimwn a«< "ihi* boiuiv." Tlu* ri*ri itirat 
I»rn\ifii'(i !l;,it l-utu!- \\.Mil(i }.r \,du\ ill MJ4^. lull i-viT since ii was 
ir..nii' ,i\ailal'ii' to tlii* \i tiraii«« tliu (*{)nv:n->s hA> l>(.-i-n sulijeclcd to 
.ilim-t i«ni>t,iiu i>ri---iin' tl:at ihi> l.onu> ln« p.iid uitliout turtliiT 
(i»-la\. Hn niinuToit^ (U-i a'-i(»n> havi- ln-rn |»a>>r(i hcitli hou>(*s 

ot Coti'^rt'--. (.niitnrnn'iiv; to tla- xi-tcr.inv* r(M(iK'-t fur iinnu'ciial^* casli 
niriit. (>ni\- ti) lu' \ i'tof(i l.\ till* Pn'>i<ii-nt. 1 luwc'vi-r. both ilu* 1 Iou.^l' 
ol ki'prr-t iitativi's ami :lu* >i iiat^' ri'ccniU |»a--r(i -^uch a bill ovi r tin.* 
Pn-itli ruV \i io and oa Iainiar\- 27. iov>. iinnuMiiair cM^h p.iyin^^nt 
oi ilu- bonu- bicarni- tin- law ol tin- land, ii i> bclii-x cii 1j\- many {)coplc 
that a lar^^r nunduT of ri'ifri'M-ntatix i-s and ht iMii)r> \oii'(i to pa\* this 
l«MJu> r\i-n th'.Ui^h -tich a au.iin-l ihcir own pi-r>onal \)v\\vi 

A> i<. u i.af w ,1- l.i -t tor thf < »>iiMtr\ a> a u Imh*. *i*lu-\ U-lt that tlu'ir ow n 
I "I i til a I liMuri- drjuruli d on n-tainii.v: tlu- v;<>od will of the -«ildi(T- and 
t^ r\ ditl not wi^h t.) anta:i^oni/c ihi> hi^ldx or*:ani/i'<i iirtnip. in a 
If I at liiitiM-iaK Iiowcmt. a ili>iin^;ai>h.ed uriti-r >t.iti> tlu* followiru 
pi opo^ii i. »n : 

".^cnainrs who \iitr<! av;ain-t inuui-diatr oa\ nu-nt of the bonus arc 
nnt u-ijall> fictiatfd wbrii runniny: for ri'clcrtinn." 

and i;t an fif«»ri f-tab!i-h tin- tnuh of ihi> proj.o>iiinn in llu' nuiui.^ 
ot t hi' n ath'i - sa \ > : 

** I. 1 la- intiTr>tinv, lAp^ rit"!' <• of two n.ii»»r- w h") ha \ i* twiic v( tffl 
aL'ain>i thr I'-mii*^. nin r wiili an » l.«iitin ri^ht ahiad of tluni, 
M-itn- > pr» -N i- t l.i propi'-iti - m and al.-n thai inrnd »ir> in ( 'on^rcss 
wiih nrrvi- t-iu. i^h t.i -tanij i:p d" nt.t iralK -H*irr at fhr polU. 
*\ Mra- «.t tia -i- >t :M!"t.- is a Ihna'tra:. h tlwar<i ka\fn'«Tul hiirkc 
t»t .Wbra^ka. 1 i'l- l.iei.-- about N natMr Hurkv arc thc>c: In 1(^4 
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ho WIS a nu-iuljCT of the I loiist' and the only man in thi* ^^I;ra^.I^;a 
deli\;'ation to voto aj»ainst tht* Imniis. 
,V It was his first term and he was warmd hy his rnlleauur- what 
would liappen to liim. AfnT the session was oxer Mr. I'.iirl<e 
went hac'k to Omaha and one day met a professional leadi-r of 
the veterans on the street. 

4. 'All rij;ht, Hurke,' lie was told, 'you went hack on us, didn't you? 
Well, >ou're through. Yon can't po hack to the Ihmse.' 

5. '^n't that interesting?' said Senator Hurke. 'in that ca>o I sliall 
run for the Senate.* which lu- did, was elected, voted against the 
honus aiiain two weeks a^o, and also voted to sustain the veto 
of the President. The most inierestinv^ part of this incident. 
howe\-er, is that not one of Senator Burke's four Nebraska pro- 
honus coUeajiues of io;^4 is now in public life. One was beaten 
in the prinuiries. one in the general election, one retired and the 
other made an unsuccessful fij;ht for governor. 

o, 'i'he story of Republican Senator Arthur IF X'ancienberg of 
Micliigan is c(iually interesting. In 19;>4, just ahead of his cam- 
paipn for reelection. Senator \'andenlierg voted against the bonus 
and also to sustain the 19;^4 veto. He was never asked a (juesJion 
until his final meeting, held in Detroit. 

7. Then a veteran arose and asked him why. Senator V'andenborg 
gave his reasons and the \eteran replied, 'Well, Senator. I don't 
agree with \-ou but I must say you gave me an honest answer.' 
Senator Vandenberg thinks he gained voiets rather than lost them 
on this issue. 

^. .\i any rate, lie Wiis ri'elected and is now n-cn^ni/ed as a Re- 
I>ublican aspirant for the presidency. In siuii- of this he recently 
voted against the bonus and al>o ui>held the [ire-idi-nti.il veto. 

0. The 'scare cat' senators who voie eiiiircly through fear anti 
a^ain>t their own Ci)nvictions niiv;hi well ponder on the [JoliiitMl 
e\perii-nces of Senators Hurke and Wmdenberg in voting against 
Hither than with the organi/(d minorities." 

The writer (jf this editorial a[)[).nenily lu-licves that lu- has established 
the truth of his pro[)osition. I )o \ nu a-^ree with him? .\ssuniing that 
the fact- he has [iresented are reliable. i> his conclusicin justilied? Hv 
what process of reasoning fiid he arrive at his conchi.^ion? If yoa do 
not feel that his argument is convincing, can > ou point out the weakness 
in it.-' I)oyou think this argument would .ead a ><-nai()r to vote accord- 
ing to his convictions in a similar situation.-' I )iscuss the arijument and 
in your discus>if)n consifier these p(M'ni> which h.ive been raised. The 
par.igriiplis are nunib<-retl ftir \ our convt-nii-nci- if you wi>h to refer to 
th.em. 

'Flio piipil.s wvrv cjuick to point cjiit tho limitations of the 
arKiinu'nt usod in this o(litorial. altlmuv^h thoy tVlt that it 
might be (juitc convincing to any reader who dici not unrlor- 
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staiui ihr naturo of an iiuliu'ti\-i' proof. Onv thing whirh 
riuphasi/i'd the: \vc»akiu*ss of this arKunu'iit more than any- 
ihini; t-lsr was the siiijK^'stion of onv pupil that if **Scnator 
liurki'*' and '*Sc»natf)r X'antK-nhiTj' " w viv replaced by the 
iKinu'S of two st'nators whf) had voti'd ai^ainst imniediatc jmy- 
inrnt of ihv bonus and who had \)vvn (Irfi^ati'd when running 
for rt-rlfction. the arnuinc^nt would bt- just as potent in prov- 
ihr o[)[)()siti* [)ro[)f)sition. 
A number of editorials eoncernini; the eonlroN'ersy o\'er the 
su.ui;i*^ted enhu-.^enient of the Supreme Court of the Tnited 
States are exeellent ilhistratif)r)s of an attemi^t to pro\-e a 
l)roafl Ki'Herali/ation by induction. One? writer, for example, 
states as his main proposition that: 

Mm (in not drit rioraio at llu* aiic nf 70. 

and evidence* which he prt'sents in support of this proposi- 
tion consists of the following statements: 

Srnaior Nnrris i> a pdwi r in ilu- M-tiati- at tin- of 7f». 

Si-iiaior ( Ila^•^ has ^rt ai inn'utial ititlu"iur at the a^c oi 75, 

Ilu* \"uv \ 'i\'>n\vn\ ni ilu* I'nitul Stau-s i> 75. 

I'.lihu Rii(U I'ccanu- a v.t)rl(i liiiiiru after ho \va> 7(j. 

St:inh-\ liahiwiii. that ^iraiiy ruck luiuKind (lurin-^ tliCM- pi-rihius 
i!a\> uhrti t'htir \i^i.^u (Ifinaiuii'il. will be 70 in Aiuu>t. 
rt»|u- riii>. uh.c.-f u t,i t'ari:, ccriairiK' i> luit Murrr<i. carrier on mic- 
rt— litlh at thu av^i- ^^). 

i^i iiiatnin I>.niklin'> i:rtafr>t work was ih.nr attrr lu- was 70. 

t ilaibtuiir wa- t alhd ti» tlir [irinir niini-trr-l:ip of I\n.;lan(l tlirvc* times 
altrr hf w a-- 70. 

\*on 1 liiulrn}.i;r^ wa- draltrd \n .a\ < .1 rnjaii\ in ht-r darkest d.'iys 
when he wa-^ i h eted pre -idc tit afti ;• l.e had pa--r(l ^n. 

An argument of this typi* offers num\- i)f »ssibilitii'S to a teacher 
who is interesti'd in leadin.u his [)Ui)ils lo undi'r>tand the nature 
of proof. an<l can he usrd to i)ariicular advant<ii;e with rela- 
tion t(> induction. 1 )rHs {h\< writer really prfAT the proposi- 
tion he ai)[)arentl\- wants to i>icd)Iish? An- the statements 
in his argument likely to he ai*cei)iefl as faets by all people? 
bs thi-re any weakness in the argument? \{ so, what is it? 
A consideration of (juotitnis of this sf)rt will emphasize im- 
I>ortant [)oints in connection with any argument, the i)upils 
will be interested and their "rellecti\-e thinking" improvecb 



THI-: XATrRK OF PROOF 

Another writer of some note presented an argument in 
support of the proposition that: 

Onro an amriuimiTit to the n.iistinition has heeii i^ul.mitti-d to tlie 
people, the time re(iuire<i fur rutilic.itioii is .-liKlitl\ uvit a year. 

When stripjK-d of verbiage, niueh of which was irrelevant to 
the proposition, his argument consisted of the following facts: 

The in^htvontli amt'iulmeiit was ratiiifd in i;, months. 

TliL- ninetfunth amfiHimeiu was ratifu-d in 15 months. 

The twentieth amendment was ratilii'd in 1 1 months. 

The twenty-first amendment was ratified in (j.i; months. 

After generalizing from these four coses the writer mentions 
the child lal)or amendment, which u;) to the present time has 
failed of ratilication, and refers to it as "the exception which 
proves the rule" whereas actually it is the exception which de- 
stroys the generalization. Arginnents of this sort, which can 
he found on almost any editorial page, offer an excellent 
opportunity to show young pcoi)le how the kind of thinking 
which IS applied to idealized concepts in mathematics can 
become distorted when applied to concepts which tend to 
stir one's prejudices. 

DKTKCTINc; THK l ACTOKS WIIR H DKTKKMINE CONCH-SIONS 

While the ability to gather pertinent evidence in support 
of a proposition, and to present it cl(.«arly, logically and eftec- 
tivi-l\- is one mark of an educated pers'on, it is ecjually im- 
portant to l)e able to analyze evidence presented by cithers 
in support of conclusions one is pre.^^sed to accept. To inider- 
stand the nature of proof as detuied on page 10 of this study 
i.s to know that the.se conclusions are "true" only within the 
limits of the assumptions on which they depend and to be 
able to detect tlu-se a.ssuniptions is an important attribute 
ot •• reflective thinking." .\t the beginning of each college 
year, lor example. Professor Harold Ilotelling^ of Cohanbia 
I'niversity presents to his class in mathematical economics 
a matheniatical demonstration of the pnjpositiun that "if 
everyone is left to himself and will just pursue vij>orously his 

Mfarol.J II. .telling-, "Some Little Known Applicuion- of M.ttlienutii>.-' 
I ne Matlu-mnlici leacher, WA. \.\i\, N'o. 4. 1936. pp i.s^-idfj. 
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own maxiiTuim profit, then cveryhfKiy will be as wvW off as 
possihlr." I lis purpose in doins that, he says. **is not to 
makt! pcopU* l)t'lie\*e in the proposition hut to show what 
detinitions and what assunij)tions ha\-e to he made in order 
t») make o mathematical proof possihU-. By the time a person 
has understood the detinitions and assumptions inx'olved in 
thi*se proofs, hv is (piito wilHnj^ to rejcrt the r(»sult . *' 

As an lUustration of the way in whieh the analysis of evi- 
(i(*nci* ser\'fs to make explicit the basic factors on which a 
roiichision d(»|H»nds. the teachiT guided the pupils in an exam- 
ination of a proof f(;r the theorem that "if two parallel lines 
are (Mit by a transversal, the two interior angles or the same 
side of the trans\'(Tsal are supplem(»ntary. The assumptions 
and definitions which cU»ttTmin(» this conclusion were explicitly 
stated and tht* undefined terms in\'ol\'ed were r<'Cogni7,ecl as 
essential to the proof. With this illustration as a guide the 
pupils were asked to analyze the evidencx^ suppr)rting the 
theorem that "'Thesum of the interior angl.es of a triangle is 
iSo""/* which th(» teacher selected for a definite purpose. 
While the factors which determine what the sum of these 
angles will he were prest*nted in \-arious ways, the following 
arrangement suggt ^ted by a pupil perliaps indicates better 
than an\' other the nature of the relation between the conclu- 
sit)n and the fat^tors which imply it: 

The sum of the interior angles of a triangle is 180**. 



I 







Assumptions 










Through a given point not on a given 
line one and only one line can be 
drawn parallel to the given line. 
A quantity or magnitude may be sub- 
stitutcil for its equal. 
X'erticnl angles are equal. 








1 


Definitions 








Def. of parallel lines Def. of trani>versal 

Def. of alt. int. anjjles Def. of vertex 

Def. of verl'cal angles Def. of straight angle 




Tndefined Term'^ 


point 


line 


angle equal quantity magnitude direction 
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'I his atKil\>i.s i K-aiiy n-sralc-d th.it om- pn^of of this thi-on-ni, 
so imp(.rtant in thr field ot" mathcinatics, actually (k-pi-iids on 
i\\\\'v as'suniptions, six dciinitions and si-\'cn und'rthu-d ti-rrns. 
'Hu- (jiu-siion was then raised as to who nuuh- thrsi- assump- 
tions, who nuult' thi- di-iuiitions and who si-lrrti-ii ilu- un- 
ck-fuu'd liTins? From thi-sc considerations the i)ui)ils ri'ali/cd 
that the sum of the interior angles of a triangle was not lixe.l 
by some divine power, for it was they who made these di-lini- 
tions and assumptions and it was they who si-lected the un- 
defined terms. 'I'hey disu.^reed with the statement of ICdward 
Kverett who wn;te in 1870 that "In the i)ure mathenuitics 
we conteniplato absolute truths, which existeil in tlu; di\ine 
mind before the niorninir stars santj together, and which will 
continue to exist there, when the last of their radiant host 
shall ha\e fallen from heaven."-* They saw that it was their 
own minds and not "the divine mind" that had manufac- 
tured this so-called "truth" about the sum of the an.i;lrs (;f 
a triangle, and they recognized that this "truth" was rela- 
tive to the factors which imi)ly it. 

The way in which the i)ui)ils had been introduci-d to the 
nature of assunii)tions was heli)ful in leadini; them to see that 
a change in any one of the three assiimi)ti(jns on which this 
conclusion (iei)ends would be likely to change the coni-lusi(;n. 
In order to relate this to the si)ace in which we li\-e the teacher 
raised such questions as the following for the i)Ui)ils' con- 
sideration ; 

"Is (.ail; ..1 I'lifM- .^^^uil:j.lil.Il^ valiii;i!i-il hy \ uiir own f\|.ciit.iut.- ul 
ai tii.il .-p.it f .'" 

"W liit !i (if iliof .i;-r;ui3ii-i;..iis (in \(Hi idnsiiltT to l-c the lUw-t i .lc\ 

•■ I'd .iii> i>\ tla-iu lia\i- lU iiniU' implications emu finiiu t!.f ii.it urr ol 
sj'.K K- :" 

Ihere was no (piestion in the mind of any pupil concerning 
the validit>- u{ these assumi)tions. The jjupils fdt that the\- 
stpiared with their own exi)eriem-e and "they must \n- \alid 
l)ecausi- the\- work," There was gem-ral agiennirit that the 
lirst was the most complex " becau>e it i-ontain- the .;;nMte>t 
nuniber of ideas, " and then was unccrt.iint\- .ind doubt .i:-. 
to tile imi)lications of any oi these assumptions "concerning 
'KrieT. Hfll I he i^'un-n ■>) th,^ >ufnn:,. p. l<^ Ti,.- U .mi U ( •.>. 
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the nature of spare." The teaeluT then recalled the assump- 
tion that "A line eould l)e exiendc^cl in eitht^' direction just 
as far as you want to extend it/' and raised tlie (juestion 
whetlier this assumption would he N'alid in a finite space. 
h'urtherniorc\ if spaiv is finitt* and parallel lines are lint\s in 
the same plane that du not meet in the spact* in whieli tliey 
are ilrawn, miKhl it not. In* possil)le to draw through a point 
more than oni* lini* parallel to a ^iwn Vinvf 

The liistory of the parallel postulate was now considered in 
iireatiT detail and the teacher accpiainted the pupils witli the 
natun* of tlu: work done l)y Saccheri, Lobatchewsky, Holyai 
and Kiemaim.'* Thi^y learned what it meant to *'challen^ne 
an assumption/' and other important results whicli had been 
derived from (piest ionium what had seemed obvious'' were 
discussed, such as the far-n^achinj'; conseciuences of Kinstein's 
ciiallenge (;1 the axiom of thv simultaneity of events. 

Through such considerations, it became increasin^tjly appar- 
ent to tlie pupils tlu\t the assumptions which they liad selected 
and which had seemed *'ol)vioUs to then/' were not inher- 
ent in the nature of space?. They realized that in their choice 
of assuinptions they wt^re really detinini^ space, and this was 
a most iiurprising ulea to them. Th^ey bt»came (^onscious of 
the important fact tliat tlu^re was no way of telling' whether 
their world actual!)' ccjrresponds to the assumptions they 
had selected or to tliose of Lobatchewsky or Kiemann. To 
know which set of assumptions is **true'* is relatively un- 
important, even if that were possible, but it is very impor- 
tant for the pu{)il to recoj^ni/e that th(*se assumptions, whether 
they Ije those of ICuclid, Lobatchewsky or Kiemann, are in 
fact nothin}> niort^ than agreements about an abstract space 
and that it is not possible to estai)lish by logical proof any 
projUTties of that sj)ace whidi are not cr)ntdaine in the as- 
sumptions. 

In the judgment of tlie writer, this analysis of the proof 
U)V the theorem concerning the sum of the interior angles of 

* kcft' fences helpful to tho pupils are; 

Wt.i S.uiford. .4 Shnrl Iluinry of Mathematics. Houghton Mifflin Co.. n;.VJ. 

l'.u^<*nt' Smith, Ili\ti)ry of Mathnnatics, Vol. 2. (rinn and C\),. 1925. 
I illian Liobi'i . Three Moom i« Mathesis. Brooklyn. 25« Clinton Ave, 
iMi\vin M. Slf}>-on. Kiisy Le^^suvs tn Einstein^ Harcourt. Brace and Co.. n;jo. 
l!ric T. Hfll, Men ff Malhrtituttes. Sjnion and Schuster, 
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a trianjilr, followi'd by a t^)nsi(ifrati()n of thr iin!)()rt:int dovol- 
opniriits coniUH'ifd with tin* jiarallrl i.()sli:lalt\ was most 
lu'lpUil in hroadrninj^ [hr uiulcTstaiulinj^ of vach pupil as to 
the ival naturr of deduct i\\» [iroof. It n-\rali"d in an iinpri's- 
siw nianiUT how a chani:!.* in )nly oiu* assumption can chanj;o 
a conchision, and the "trutii" of a conrhision was now a 
(jUustion of cousislcucy rather than one of al'sohite* verity. 
It extended the thinkini; of the pupils l)e\()nd the Hmits of 
the luididean worhi and introduct-d them to the nun-Iui- 
clidenn worlds of Lohatehewsky. Riemann and lunstein. It 
stinndated their ^ma^ination and Hberated their thinking- 
just as the work of bobatehewsk\- revohitioni/ed the chink- 
ing 01 the early nineteenth century. 

iUK KKCUUMTlON OF ASSIMPI U)NS IN NON- M ATll KM ATICAL 

ARcilMHNTS 

Wdiile a very large majority of the peojile in the United 
States will never be faced with the necessity of analyzing 
the evidence nresenied in su!)!)ort of a mathematical theorem, 
no thoughtful citizen of a democnicy can avoid th»' necessity 
v{ examining tlu e\ idence in su!)!)ori of t'le ga-at \*ariety of 
conclusions he is !)ressed {d acce!)i. There has probablx never 
been a time in the Uuig history of hutnan thoiight when ihv 
al);Iity to detect the hidden assumptions in an argument and 
to ivcognize the "weasel words and !)l.ra>;fs" was nuu-e to 
be desired than at present. \(> e\ idcnce is ax ailable to show 
that this generalized ability v ill be de\-elo:)t'd through the 
study of mathematics alone. It must be de .loped "in con- 
nection with the Jields to which transte^- < desired/' To 
provide for this need many exercises sim ^ .i to those whii*h 
tt)llow were giwn the pupils: 

Ilu* t.uu thai Thomas Jrlfrrson w.is i^nr nf Atm-riiM's >:rr.U lu.uhi'- 
niatiiiaiis is known tu i\niiparan\ i-K' U w pcopK* altl-.t.;i^h one ii-iciiT 
rro>>:ni/i* hii> ni.ithi'inatiral taU-iit from a stiaiv oi tlu' I)<M |aratinn wf 
IniK-prnilrmv of whiih hv is tht' authoi. W l.iU* this dociinu nt. a., uo 
kni)Nv It, \UL^ ai-roi»tril and nj^provinl 1>\ U\[\ >I\ nun. thi-\ iliil n..t 
riian>;o thi» .uefHTal toi in whii'h i h>srl\- rt sriuMrs iliat nf a niathiMuat *n al 
triMtiM'. \\ ill \ou anah vr this tioruinrnt. usiii>; the following; i,ur^ti.Mis 
as ^uiiii's in \ our eoiusidcration ir: 

I. Hh.at aiv thi' assinr.i^tioiis lo which tlu* liity .si.\ men who >iL,i,t-vl 
t his iloi'uini nt a^rei'd / 
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2. \\'\.a\ ■^•■MiM .il!/.iti»»n is luaiK' .i!»»»iit ( nor^L- 111. wlm at thai time 
'.v%i> ! in (!>'•. Kill.;, aiitl w hat mm i ivf .ti\,:ui!u ni is usnl in an 
atii-ii!{'{ f.' ■•pn«\i'" thi> i^i lu-rMli/aliiUi." 

Wh.ai I c'ih h.:>ii)ns art* ri av hi il .'' Ai r ihix' t iuu lu>ions fL>n>i>t<MU 
ui'h thi' a>>i.Mn|Jtioii>.-' 

4. A:i' tlu'^i* i*i»niiii>inn> rwu'hud !■> iiului'tion tir l'\ iU'ili:i lioi)/ 

'I'lu* kiiul of thinking which ihv pupils had bi^Mi dniii^ from 
the very hr^iiuuiin this work was definiteh* n-lleeted in 
tluse aiuiU'si-s am! it was still more apparent in thi* I'.seus- 
sion which follow Such j^oints as the fullowiiii; wviv raised 
b\- the pupilr^: 

"Wi'uhl :lu« hi>ior\ •»! ihi- I niu-il Slali-s ha\i' l'i\-n ihaiv,.<tl it tin- 
a>sum[)tioii had I'l-ni ihal 'All \\h.i!i' nu-ii arr i nati-d r- ual*.'*' 
" IIpvv is 'I'ljPar di I'lu-a.'*' 

"I ih» noi , t till- a»unipili'i) thai 'Ail nun an- rruUc-il i^ual*." 
* \\"a> 'nu-n* di-niu-a a*< in iiu ludi- ihr Ntvii-r" 

In ihr phiMM' \ i'r: liii iaalirriahh- ii;^i.i^* tin- word •( i riain* >luuild 
dtliiu-d to lAplain what ilu-r richt>ari-." 

\o A>>{\n\v ll'.al v;c)\ iTiin:iM;t^ *ihii\r llu ii- ]i\->[ puWiTS fr«>m llu-ii'il- 
M iU ot tlu' i:ovi riU ir in:|'li<.> drimn r .u \ 
" W lu> i> K»>iii.;; I" dt i.iu* what 'ji>t pi«wi i>' aii- -" 

TheM i'e .iStrai ions, some i»f them taken fnun the i)apers oi 
pupils and some from oral diseiissiou in elass, do lua rxluiust. 
all the points made hut the\* do olTer sonu» indieatit>n of the 
extrnt to whieh the ihiid<ini^ of the pupils had hern affeeted 
by their j^rowinj; understaiuiin;^ of the natiu't* of proof. 

The kind of adxertisini; to whieh students an* daily ex- 
posed is anothrr fortile fu ld in whieh ti» lind situations whieh 
invoke tlu* idra of pr(H)f. In-hind r\ ei\' ail\ i-rtisenient is a 
aiultit Uilr ( »1 a»u iniiti" >n^. ^ Mu r t Iu-m* a>sinn[n ii ^ns are stated 
explieitlx* tlu- ad\ i itisi nu nt lo>rs a lari^i- part nf ils appeal. 
An illustration of this t\pr f«)lh»ws: 

\\ ' iU- nadir.*; .t nM^a/ir.f Ih h i**- .ii:t!:;: 'H w.i- ili.iwu ii» iln- pu* 

I- t*I a 1 I a::! il i.l will w i ill .in a' U a* i.\ t w ! « • w .1 v ; t pu-tiutd 
a^ >.t\ ii:^ 

"111 wi-l.i-d a ilh'U^.itid liiiu-* tor a I-m..'.Iii >i:nlt < Jiu- luhr »»1 

I mI^.i: I V v;.i\ (• i I t . » :;;r. 1 1 w • a:';;« ir. !« » i 1 •! hri .;ii 1> w i ih 

hwilv vtiidi'-i v.t l all ll.f daU -. 1 * i -j 1 (rud C uU.itt *- NtiW uu 
^^iimIi - arr ta !»;la {«" • ' 
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I'!. is is riMlh' an ar.^unu'iit h»r u>iiic Cnl^airV Mi-iual ('ri-ain. Tlu* 
aiKUiiu-nt i> lM>ril mt rrrtaiii a»uiiii i ioii>. What air t!:t>r a>smup. 
tion>/ I i>t tlu'in in the >\\h\' l«flu\v: 

'Spai'i* was U'i't luTf I'ur tlu« stalt'Uii'iU ol tin- a^siiinptiuii>.1 

kau- (Ills ar^iuau'iu a> lAn-lliMit . ^luui. fair. pnor. vu\ p.M.r. n>iiui 
u hii-la-\ IT word in \i)ur (jpiniun l>cst iIi'mtH -i-s it: 

Ratliii; 

XuiiUTous cxcrcisrs of tnis kiiu!, varii nu-wiiar to suit 
thr typi: of advtTtisynu'nl considrrcil. ha\c inipn^ssrcl ihv 
pupil with ihv nrvi\ for t-xidfiuv "in suppoin of any conrlu- 
sion he is prc*ssyti t;) am^pi"; have lirlpcd liini to '**analy/e 
thai f\-i(lfnct\'' "to rcr(\^Mii/c botli tlu* stated aiul ihv un- 
stated assumptions" esst^ntial to the coiu^hisions, and '*to 
vvahiate the ari»unient." There folhnvs anoth(^r iUustration 
ul the type whieh involves the added feature of "evahiatiuK 
the assumptions, aeeeptin^ stJUie and rejirtin^ olhers": 

W liiii- riMiiinK a niai;a/iiu- i.ni* (.-vfiiiuu. JuluiV attrntiuii uas drawn to 
liu- pii tnrr of a fountain pm. I ndiTnt-ath tlu* pii-tun* lu' nwd lUov 

"A brain liarassftl by a prn (hat rnn> ib\ 1om'> it> brilliana'. puui-r 
ami i-\i)rcs>ion. Mi-m-o ui- ha\r inairii a prn with loj p^-r iint 
niorL* ink capacity and \ isiblt- ink suppK 

I lu'si- statt'inrnts soi-nu-d to impress hini. 1 b* hail aUva\ s bmi irritated 
when his jH-n ui-nt <iry but hi* had ni'\i-r brton- n-ah/t-d thr vWnw lo 
wliii-li this a(U'i-ti-d "thi* bi illiaiu-c. power and iApri-s>i. »n " ol his brain, 
lb- (it tertnini-d ho wouhl own this lu-w pen "with pi-r oi-itt murv 
ink iMpai-iiN " and on the niAt da\ h.e pnrrha>rd it. W hat as>iinipt ions 
an- invt^U fd in tho viri:unu-nt whioh h-d him tn this i-om-bi-ion ' W riti- 
ihi'n bdow. plai-inu a pbi> m^ii bi-lorr thcM- whWh \on aeirpt and a 
inin;,^ sii;n bi-iuri» thosi* whii'b \ ou n-jii't: 

^; avr Was U-ft ht're for t**i' >iat»'ini'iu of thr a»uinpi ions. i 

I Mr.w ilu-si* a>MJ nipt ion.'- .is .iuth. >i ii ii>. pn-p^ito in h.^iial toi ni thi* 
ai^Knii-iu sn.ci:istrd in Mi- abww ad\ irt iM-nu-nt lo: the pi:r»ha-v ol 
I l:i> pen : 

:.'^pai-i' was h-lt hrvv for th.i* pr r>rntatii«n n\ thi- arv;nini*ni . • 

WtMihi this arv;uint'nt ah»iu- inlhiiMui* \ou to bu\ thr pi-n.' 
.\n-wri 
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l-'vidriUT that this kind of t'Xrrrisc luul a hrlpful infliu^na* 
on tlu' ahiliiy of the pti|)ils to drtcrl assumptions and to make' 
tlu*ni niuiv rrsisliini lo the powrr of ad\'ortisinj; and otiun* 
typrs of prop;^i;antIa is .uivcn in tdiaptrr \'. 

It wry oftrii otHHirs that dilTnvnt pr<jpK' who use the sanio 
laws of thought and who reason olcarly and loj^ieallv' about 
a i^iven problem reaeii different eonehisions. The point is 
raised in the followiivu iUustratioii wliieh in other respeels is 
similar to those tluit preeede if: 

Ii\ a iii'risi(Mi n|* (» to ^ tin* Siipn nu' ('mirt «>r tlu* rniii-il Stati'S ri'i'i-iuK 
(lii'l.iri'il tlu* .\i;riiiiltiinil Aiijust uumU Ai t uf tl:i' Ni w \ h\i\ to Ik* iiii- 
i'uii>tiniiiunal. I'lii^ fiiMtfil widv iliscu>>iun anioii^ piupK- in varimi*^ 
\\alk> ul lilr. l lu' vifwpuints nl a ilistinv;ui>lu'il -^rDup u!' ui-iuli'iiun 
who this ili-i'i-ion \K\-n sunuiKu 1)\ a IuimI papiT in 

ihi* follow in^ propojiit ion : 

"II is n'urrttablf thiit tlu* I iiiti-il Statis C'on>titiiti(»n in i!< prrsont 
form is iratlfcpiatf to int r\ rlii' lu'i iis ol [)ri-M-nt ilav ai;rirnl t uri* iiiul 
^ovtTinm lu piiH-oiinri'." 

I ft u< r that tlM> >iinu!tar\ is ilrpi-iulaMi' and tl.at it rxpn-^M's 

tl.rir rt-al hi'lit f. I'hvv h.i\e n-ai lu'ii thi> lirlii l l»\ ni.ikinv; a luinihiT of 
a-.-.ntni)tio!is. What are sonu' ol ilu'Ui.'' (ii\i- a> inaM\' a> \imj lan in 
thi* >i'*ii"c liflou ; 

i^^paci" was h'ft hew fur ihr list of a>Minipti(»ns.^ 

It is pi»--il>h" th.it if tlu'M* Ki'iuh-nu'n i-ouhi i-\a!nini* tlu* a^-^ninption^ 
on whii h thi-ir lu'lifl lii-pi'mU tlir\ niicht n ji-i t M»rno ni tluMu and tlujs 
(hancf tlu'ir lonchisions. I n» wni ai-ffpt all tlu- a^^u^lptions whii h 
\ lUi ha\ I- list I'll ' 1 1 ni.t . w huh do \ ni n jici / [ndii ati- tlu-i- \ i»n u-ji-ci 
l>\ plai'in.u: a minus >ii;n hi'fou' tlu'ni. 

It is Worth w hih* to nnU' th.it thn-t' of tlu* in^-tii-i - i-oii>iihTi'd du» A. A. A. 
i*i*nslitiiiion.d whih* si\ of ilu-m ditl nni. A> oru- wiiirr sa\s. tlu'\ 
roarluii tl:i'ii" dni-inn ■■\\itlcjui iniotion. without pri-iiidii'c and 
tluoni:li tlu- ihar liclu ol loi^ii*." Oiu* niiuhl I'xput *'lhi' flrar liiiht of 
iouii' ' to \ u Id a d(*i*i>ion whii h wcudd hi* unaninu»i;«^, llnw i\o yon 
ai i-ount for tlu* fai t that thri*i' of tlu-M' ili^tinv: ii«-hfd \.:i lU h iniMi found 
ihi' art i-oiistinititMud whih- si\ of tlu'm rnU d ot hi-i w isi'.^ I J!m-uss tliis 
on ihr uthiT >iili- of ihi- p.iju r. 

In adtlition to the i ther \*ahies ah'i'^nly eonsid(*re(i, this 
type of e\erei>e serves lo eniphasi/e the point thvit (HtYeront 
a-^sum|)t it »ns are Iikel\- to lead to (HtTorent eonehisions when 
tlies(^ eonehisions are rmehed "without emotion, without 
prejiiiliee and thrcui.ch the elear hi^ht uf h)i;ie/* 
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Many pvoph who exhibit ^n-at nu-ntal pt.uvr when ilcalintj 
with inatlu-niatical nuuvpts tail t.. think clrariv ulu-n con- 
trovrrsial issues aa- under considi-tation. A l,.Val pn-hh-m 
involvniK such an issue ant! one which claimed the euKer 
interest t.t all pupils is sununaii/eil in the tolK.uinK exercise: 

A Kroup ol . iti/ens in a ei-rt.iin C.lun.l.iis pr.viiu-t moi tin- h-^-i] 
i«-<Hnrenuins to luivi- a looal option vot.- on Tiu-d.iv, NovoinluT ^ 
tlir c a', ot tin- sivnvui] Statr di-c tion. Tlu- purpose- ol tl.i^ vuie 
u.i-^ to hiul o!it Nvln-tluT or not tlu- ni.ijoiitv of .lu- rlti/. ri. in tint 
l.r.vinet t.ivon-.i tlir contiiuu d mK- of iiUoxiiMtiiu li-pior in tin- liistn. t 
Itu- "wi-ts duxr^vd tlut -ilu- i-kvtion ^luuiKi U- prrvuiti-d- ami" 
appiMli-ti to ilu- ( ouiity JikIki- for an ininnction wlii.h would .top it 
1 lu- arv;unu'nt tlie\ pn-si-iitftl ran .s..mu'\\ hat as follows: 



■ St.iti-ir.i'iu 
Aruuiiifiu i 



i-...t : 



It was nm-ssai\ tu lile a pi-titiim to lioM this .-li-ition. 
I lie last (lay tlli.■^ pot it ion coulil bo k-^.illy liU-.i w.i, 
Ik tobi-r 4. 

A (.iti/eii must ii'nisu-r if lu.- is to (lualify as a \otn. 
llie "li.ys" liiil not lile tlu-ir petition until Oitobir 4. 
By October 4 all the "(lr\s" had rcKi-temi. 
Alter fiiiii^' of the petition only a ilav ami a half le- 
tiiaiiicd in wliieli the "wets" eoulil ri.-)!;i>ter. 

Heoausfof this lack uf tinu'all the •■wets" were un.ible 
to n- -ster. 

Nothni); should inteifere with a eiii/i.-irs iiv;lit to 
rogister. 

Thm-forc tlu- injuiuton -^houM be Kianti-d and the 
t-lection stopped. 



It IS probabli- that no other ijisu-.- is more eoniiurixe to prejuiliie than 
the hipior issue aiui when prejuiiiei- r, phue^i reason, eonihisioiis ...re 
not likely to lu- reli.iblr. l..iv a.- Me .in\ pi i juii iee \ on ni.iv h.iv,- or. this 
p.irtu-ular i.ssue aiui ecnisider the ar.u;unu-nt bv tlu- -w.-ts" <.n!v on it.s 
merits. By ilu'ekiiii; in tlu- proper column i.uiiiMte whii h of the state- 
ments in the arv;uinent \ ou believe to be f.iets .uui thn^- whi. h \ ou 
behe\i- 10 be assumptions. Do von liiui th.it tin- .irumuent is -mind.'' 
In \our opinion .ire the a.ssmn[Mions iustiiied.^ Ii i.s not lu-ees^.irv to 
be .1 eounty jiuiv;e to deterniiiu- the validitx ol thi> .Mxiinu nt. .Suppo.se 
>ou were in the [.osition of the jud>;e. ( ■on.vi.jei iiu; tlu- arv^unu nt .done, 
wh.it wouk! be your answer to this re.pu--t l-n .111 injmu lion to stop 
the eleeiinii ' In llu- .^|.aee below pieM iit \ om derision .is i he , ,,iu lusion 
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l*t«ri' thi' injuiu'tiun is ^ranti-d** nr ** rhciv lcrc tlu* iniunrti«ni i> iu>t 
^ranti'il/' 

In c'\aluaiintT ihv arnimu'nt prcsciitt'cl 1, tin* "wets'* the 
pupil not only nuist ilistinguish "facts'' from "assumptions'* 
l)Ut In* nuist be al»le \u detect the important assumptions 
which are essential to an honest conclusion and whiv'h are not 
explicitly stated in the argument. He then places himself in 
the position of the county judge, e\ aluates these assumptions, 
either denies, or gr^^nts the injunction and presents a "logic- 
ally developed argumetit" supporting his position. This 
proved to be one of the most profitable exercises considered. 

Hie purpi)se of an editorial writer, in general, is to convert 
thic readier to a definite p.oint of view. To do this he usually 
states a major ()rv)position and then presents evidence which, 
in his opinion, shouhl lead the reader to accept the proposi- 
lion, luiitorial^ of this kind are excellent material for t he 
^•on^itieration n\ any class interested in the study of **proof» 
An exercise built ariuind such an editorial follows: 

During tlu' laitt-r part of (H'tober, tlu* curn-hoi; fariwiTs of the 

I Hit I'll "^tail's wi'rr a>ki*d fur an eN{»ri>.^iou u| opinion as to wlifthor or 
not thi'\ ilosiri'd tlu* I'oiuinuation c:f tin* Agricultural .Adjusitruriu Act. 
I he result of this rrfrrcniiurn sccnu'd to indicate that thc\" did favor 
tl-.is pn»v:raiu hv a majority of al>out ^ to I. In considering this, how- 
ex er. vi di>tinv:ui>hed writer reeentU >tated the tolKuvin^ prnp(i>itit»n : 

"It is surprisiui: ll:at an\ \tile> w t-re ca>t ai;ainst the cont inuativui 
ul the policies ol thr A. A. A.*' 

oud in at tempt iui; to f>taMi--h t l»i^ proj»o>itii>u he proi-nts the following 
lii-i ussion . 

** i. Tiiihix tl-.eie i^ itinntrx wide \\v»ndiT tluit an\ \otl•^ Win- cast in 
i»ppi»<ititu) to the ir!i u-nduni \\lnch l.ri)Uv;ht S to 1 \ii tory to 
tlu- A A. A. 

J. l or K»Mt^i"\»*lt .ulmiiii^tratittn ilid i*.«it pie^mt both sitles of the 
.uv:umenl ttMlici (»in ho;^ farmi'i>. hut nu-n-ix a^ked whether the\' 
wuuld t t»utinut' U\ t.i\'»i cinji i luitrol atul ,i ^ul'siii\ . 

^ The cvMi>i: mci > w hv I |i.i \ I" to pa\ . i II ihr cnst ol li\ in^, hii;her prices 
ft»r iinwi^tun>. well* n«»t .i^krd (it \t»te. 

4. Nonr t»f t l i* ai cunu nt ^ t hat nuul t h»* matle i lu t lie fault \* econom- 
ii ^ ( .{ I ' t A. A . \. - p( •lit ii •> w a- p: t^t iUi tl ti • 1 1 • t ♦! 11 \n^^ farmi-r. 
i ! U a «»!:»• -idt ii (lit t n 11 .ilf.« 'l.w .1 wt oup u la • Wvir 1 iall\ 1 tciuy; 
.1 -i.t tl uhiili! !lt\ uii.Id iikr hi ^^ ['liii' tor tlivlr 
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prcxiurt [.V linii:ir>.i: (Uitput uf their Urins and making iheir 
prodiK-ts rrl.iti\ r\\ -. Mr«-i\ 

5. W'Im-m ni.inui.i. Um-cI to i:vt tM^i-ihrr and fry to .ij^rrr 

anit.n-^ t lu niM-K ..n iiinii.ui.>n of |»roiliu tii>n and nrii-i-s. ilu' v:<'v 
r\ nnirnt u-i-d i.) im!1 ii .1 lrll^l .nui applx ilu- at:ii-tni-t laws, l^ut 
tarin orv;aiji/ai ion> ..f ail kinii> ari' t'xrnipl from ilu* opt ration oi 
anti irn.^i la\\> and il-.- A. A. A. \> riallx a Md-stitinc for ihi- old 
ta>lnniu ii tru>t t>r n!i.n(ipo' , lun with ^o\ rrnnK'ni al control. 
i'. 1 lu ^|.iH iar»r i)f a i-rnrnmi inana^ril tda tii'n ann.ny ilir nu rn 
I'l-rsofa inin.'rii\ un.up. wIiosimIi risic.n iu.\\ ist«M ii\-ri thr priiH- 
paid l.y tht- inajtuil\ . is .Mill ico no\ r\ for widt -pu ad appnriaiiun 
cii its iru]»liiMiicMis. Minorii\ l.y nuMorit\. tin Ni w I umI ntfrrs 
nionr\ hi'm tits in tlu- form oi I>rol•r^^iIu ta\c > or Mil>siilii> ami ilu- 
rr.-uli is to huild up a iinnulati\r \vr.ip..n nf Mors for ilir ]nr>i^ 
diniial rlirtii)!!.-. Minon'iirs TMti..nal oUriion> lu-i-ansr 

tlu'v niovf from om- pari\ to tliroilu r. ^^hiU• tlu* .straiKlu tirki-t 
\ iUiTs ri-m.lin indiirorriM . 
7. It t\u-h powrrfnl minorit\ i:oaip i^ i.. l.(^ apj.rah-d hmmi i;r«Min«l^ of 
diri'i I [)rru-tii to it w ith fund.- l iilu r taki n .'ui of virm-ral i.ix.nion 
or l.v Irvxinv: a^M^>ml nls on lUv d livinv:. i\w i h.aotir c-on 
srtjurnivs will hardly lu- i-alU-d 'plamu-d ivoMi.mv. ' It will 1 -i- 
diliirult foran;. opi"..M'iit>:i [...iiii^.i! y,ui\ i.. win in iht-nrar l-iiuu- 
<»n^ihr -impli- iruil:.- rl:.ii ni.Turx old ixpirirnir i:a< pp.\.d. li 
.■nl\ rnian- i! at Niw Mc.d tion..m\ ma\ Imm- t.. 11. p. \\:\\ 
I ciH^r. l.rinvin.c in ii> w.iKt- i!:,' trirtinn that ha- alwa\- .i[i-i-n hi 
iwi 1 11 rla.-.-i-s ami tin 11 .m ::^^;, .n il-u ha- alua; - ro;rc fnun ^av- 
rrnnn-ni ionir..l of pr.MliM li.-ii .iinl pii,*- r.,, mattrr wh.crc 

it l:a> liicn irit-d in human l;i^l.•^\." 

Ail (it il:!> di>i.ii>.^ii.ii i\ 11, .t pf Mini p.i to il'i .ir^ Mnoni. fi»r in ii ihrro is 
a uoofi ilt-al of ilu' \\riirr*s t.wn philt>>oi.in (-..n.-i rniMv: rrnnu nt 
poiifirs. W hat art' tlu- principal stati rnrnts wiiii li in \ .>ur M[iinion he 
To -'provr" hir: propo.Mt i. .n ^ Arran.cr tlu-si* >tati-nu-nts in what 
>ou iu-iicvi' to he a louiiMl ••rdrr and n-ccmstrurt lii- arv:iinicnt in the 
space hi-iow. I)c» not aitrmpt to supp.^t ihv^v Mait-nu nts h\ anv 
auth.oritirs hut h\ plarinv: a chork nia:h In the t r lolnnin indii-ato 
wiii. li nf liu-m > iui hrlii Nr tn hf st a t i rurn t s of tai t and tho.-e whii h \-ou 
hrlirNi- ti> ht' nuTo assum[uii»ns. 



1 i> t 



\«»-tjn po «:i 



Sutfjiii iit .-p.td- w.i !i-ti hi u- fi»r thi- j tt i;t.}ii.»n cf thi ai^^i.nu tU.) 
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In \ii.'\v of the arKunuMit which \ou have presented do' \ou consider 
the ccnicliisioii justitied/ If \'ini do not cor.sid. r the conclusiun jut^titled 
l)\ the argument, discu>s > our reason for this in the space that follows: 

iSutVicieiit space was left I'.ere for the presentation of reasons,) 

TluTe are paraiiraphs in this discussion which appear to have no direct 
irlaiion tt) the ])ropc)sition which the writer nMlly wanted to estaMi>h. 
Soiiu* of tlu'iu are irrelt'\aiit to the argument. >onu' are ^enl'rali/ations 
al)out the result of the referendum and some are inst-rted for other 
purposes. In the S[)ace below will \ ou discuss hrieth' the nature of 
each of these parajiraphs.*' rhe\' are iiumhered for con\enient reference 

(Sufficient space was left here for the discussion.) 

An exorcise of this sort, while combining most of the fea- 
tures inchuied in the preceding iUustrations. has additional 
valiu^s. To analyze any discussion for the purpose of deter- 
mining which statements support the major proposition and 
which are irrelevant is critical thinking of the most helpful 
sort. The reconstruction of the writer's argument, omitting 
all irrelex ant statements, also proved to be a most revealing 
and prolitable activity. 

Tlu^ ex(Tcise which folhnvs is built aroimd an event which 
had bern discussed in the local papers and which had l)een 
given wide pul)licity; 

Mrs. I.ewisSoymour was rerently >truck b\- an automobile and instantly 
killed. The drivrr of the car did not sti)p and while a man saw the ac- 
cidriit he failrti to see the numbiT of the license plates on the car. 1 low- 
lu- did notice that the riv^ht headlight was broken and that a tire 
birw f)ut at tl^e time of the accident. He reported tlu'se facts to the 
pv»lii'e and iwrlvi* hour> latrr they found a car with a tlat tire and with 
the v\^h{ luadli^ht brtiketi. This car was parked behind the luMise of 
Ibvt kiah Mi'rry and brlnni;i'<l to hin». XumeriMis conclusions con>id- 
rrrd b\' tlu- poliee are >tateii bt-low. IMace a phis >[)i^n in column nuv 
opposite iMth conchi-«ion whii'h \t)i. will accept from a cousidrralion 
of only the fiiets ^ivea above: 
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a. It is certain tliat the car wliicli struck Mrs. 
Scvnunir hcIuuKctl to Hc/ckiah Herry...,a. 

b. The |;i^en facis are irrelevant to thr^ prob- 
lem of (liy;co\ rrin^ a ln) owned the car that 
mruck Mrs. Seymour. .... 1). 

c. It is certain that Hc/eki»ih InTry was not 
driving the car that struck Mrs. Seymour.. c. 

d. Other facts arc needed l>efore it can he 
definitely i^ruved that He/ekiah I3erry was 
the driver c)» the car th»it struck Mrs. 
Seymour . d. 



e. It i.s prohahh* that the car iliat struck Mrs 
Seymour helonged to He/.ekiah Herrv. 



.e. 



f. It is certain tliat the car which struck Mrs. 
Seymour did not belong to Ile/ekiah 
Herry 

g. It is certain that Hezekiah Berry was the 
driver of the car that struck Slr.s. Sey- 
mour 



Through further study of the problem tlie police found that the glass 
at the sct-ne of the acci(h*nt was of the same pattern as that in the 
broken he.uih'ght on Mr. Hcrry's car. Tsing t!:is added fact in cnnnec 
tion with thiwe already given indicate in column two which of the 
preceding (^)nclusions you would accept. 

It was also establi.shed that when Mrs. Sevmour- was struck *^he was 
carr\ing a quart of potato sou[). Suine of this ^mi) w.is foun<l at the 
scene of tlie accident while traces of the same kind of s.»up were fnund 
on Mr. Herry*^ car. Hoes this addeil fact change \onr iud^moni a< to 
which of the preceding conclusions \-ou would accept.' Indicate in cob 
umn thrcr ihoM conclusions which \(.u believe arc now detlnitflv 
e>tid»hVhed by the known facts. 

The police aI>o found strands of hair on the brnkr'ii hc.idlight of Mr. 
Merry s autnnu)biU\ Now consiilcring «.»// of thr^e f.u ts will \oii indicate 
in column four which of the coiiclu>ions \ou beliext* to be ju.uided. 

Fxcfcisos of this typo ivx'oal the v(\vc{ of riinuilati\(* t^'i- 
<\vnrc on tlu^ thinkini; of ihv pupW and indicato just how iniK-Ii 
and what sort of uvuKuicv is ncedrd to change his arccptanrc of 
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a rt»iu lu.-i')n tmm [)iMl»:il:ilit\- to cntainty. Such work, wlu-n 
l*olI(»nr(l hy thoip^hit'iil (iiscussion . lias a (k'liiiitt* tondcncy 
to iiuTi-asi* tlu' caution of tlu- pupils in rcachinij corK^lusions. 

As an ()Utji;r()\vth of this kind of thinkini; sonu* of the pupils 
h(^canic conscious {)f the fact that undcrlyinii their beliefs witc 
niany assianii)tions. ami out of this canu* a re(|U(st tliat the 
examination ot the.^e assumi)ti(nis heconu* a matter for jirouj) 
ccuisideratioiK Many topics for such study wen* listed and 
frv)m these an exiTcise similar tt^ the follow in;^ was preparcfl: 

Truii rK in< liu* lu-lii-lV of .in iiuiividual i\rv nuiiUTuiis a>su luptioiis. and 
anyoiK- whn ai i'L'pts a cniKhision re.caniini: an\- issue at the saim* tinu- 
arci'pts tlu' assii nipt ions on wliii'h that roiu'l'a>inn depends, even thoiich 
he may nut know what some o\ them reaU>" are. For this reason it is 
well that we otteti examine the a>sinnptiims behind our heHefs so that 
we may be lully eon-eious of just what our position on any important 
i--ue iiucbes. W ill \ ou tlien state \our j)r<'>ent position on the fijllow- 
\\\\ ti^j'ies and in >paee provided tor anaK'si^. list the statements 
on whieli in \our opinion thi< po-ition depends? Hy eheckini; in the 
j :«»pi r ei'bimn inriieate whieh of theM' statements you consider to bo 
[.I' and il'o.e whi. h \i>u rr\:ard as a-<nm{)tions. It will aKo be well 
l'»r t»:i to ilernie an\ Wi-rtU or phra<(- whieh will help to elarif\' \ (uir 
p-!li"a: 

I. Kai !al . ti.-rif.-, 

''d cr. ; ■ .; ! . li.Ar t^ a! w 'ui.- ra- • • ai'- -^lipt rior to the eolored 
ia« t 

M\- preMMit brlirf { '»m i rniui; thi> i-- 



('» »mp:ibi -rx- lidu. a*!i-n. 

\\V l:a\»- in t^i- ..»:tMr\- err»ain law- w Me!: rompel all mhim.: people 
":p t - > a »-« nai»i a^.*- t » .lOciid an tjrcani -i -t-l.i-.il. S.inir peopb* belie\ e 
t ! at law - a"- t: . .^t dc-iiabh-. w ! i!r ■ - t^M-r- b » l tl'.at tlu-ir <»piTati«'n 

.1- » oii:pl:-; ( ^ Ml ;!•■ 11 .c" lidn,: in ir:;; r - i:>^ tin- 'p;alil\ ol* our i iti/en- 

-hip. 
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An.ily.-:« of my b»Mio| 



Sl.it«-- rtu 
"I 



A C'iii/rn'> Obligation to His ( i(>\-<.'rnnu'nt in Time of War, 
Many propk- in tlu- ( 'nitcd States havr vvc^^mW stated that tJirv woulcl 
never Lear arms m any war. Others feel that it is their diitv to support 
their Kovrrnment at all times wliether in peace i»r in war. 
Mv position this important issue is; 



An.ily •».•» ..I ri;y p« sun»n 



1 I- I 



Assunivh'-n 



4- AwariU. 

Snnie inipil- in t) e srhnal frd that tiu^r <|-.>uld lu- a >vl n{ fix.d criteria 
for iMinor- .irul auanis. and onee a studrnt Im> sati>he i tl;e>e criteria, 
be^hiuild l>e L^rantrd an award. Others frel that the prol.h-ni of awards 
i> mi^re enmplrx. and that an> M-t of rixed eriieria eannnt po^sii-h/ take 
into arronnt all fat tors in a v;iven situation. 
M\ present position on ihi,^ prnLK-m \>: 



St.a^'.'votTt 



! 

Discussion of siirli (im-st ions as these was iiotieeahly iin- 
prejiidiee.I. All ..| the ivsiihs had f.een niiniecv^raphrd and 
iMch pupil had lielort- him the work of the others. Contrnst- 
inv positions wcrr e(in>idere(l and the assumptions umK-r- 
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lyini; rixch of ihvi^v positions worr iwaniinod. TIip of)jective 
way in whirh the pupil^^ went about this was particularly 
iniprrs<i\r. Many r)f thrni stated that such discussions wvrv 
rsprcicdh* hi'lpful in c^larifyinij th(M> own thinking; and it is 
I'flitAcd thai all of x\x\n learned many valuable lessons of 
tnlcranei^ in ilu'ir thoui^htful consideration of these complex 
[)robleins. 



CHAITKR IV 



illiOMETRIC C()XTIL\T 



NrMl'Ktn s illustrations were given in thv prccTcling chapter 
of thf way in which undolinecl terms worc^ selected, defi- 
nitions made, and the need for assumptions recognized. This 
method of pnunniure resulted in general agreement concerning 
a group of these basic* conce[)ts which were common to the 
experience of all pupils and a continuation of these procedures 
yielded tlu' following ()utcomes: 

TtTPw Am'pti'd by the Pupils as rndefincd 



iirt-a 

(lilu'dral aii^li* 

(lirci Mi*ri 

distance 

f<|iial 

fixed 



greati^r iliaii 
htiri/onial 
inside 
less than 
line 

magnitude 

(UUside 

plane 



point 
(piantiiy 
n)taiiun 
S(^lid 

Mraiiiht line 

vertieal 

vulunie 



'lerni.s and Coneepts Defined t)\ the Pupils 



aeufc ani;le 
adjacent anj^les 
alternate an^^Ies 
altitutlc 

au^lo i>et\veen line 

and jilane 
arc 
axis 
base 

fuise of isiwri»|i>.s 

triangle 
biseri 

renter of a eirele 
centra! an^le 
chord 
circle 

circumference 
circupiseril»ed 



collinear pcunts 
ctMiipIenientary an>;les 
cone 

C(Uiy:rueiit figures 
coplanar pcMnts 
cr^rrespondinj; an^jlcs 
I'uho 

curved line 

c\ lini^er 

deca^(Mi 

dejiree 

diagonal 

dianie?er 

distance between 

parallel lines 
distance between 

parallel planes 

«7 



distance from a p(^int 

to a line 
distance from a p<unt 

to a plane 
erjuianjiular 
et|uidista!U 
equilateral triangle 
exterior an>;lc 
hepta>:on 
hexa^(Mi 
hypotenu^ie 
initial side 
in:-cribed 
iriseribed an^lo 
interior an^le 
intersecting lines 
isosceles t rian^Ic 
length of line soj;nient 
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litii* (mimIIcI i«> a plam- 

line -iunu-i)t> ili\i<lr'l 
pn)p(>i lioiuilU" 

inajnr arr 

ini-an pr(.jj^nrii»uKil 

measure of a dihedral 

an,uli-' 
nnn<»r are 
nniiav;Mn 
ohtUM- an^le 
oeta^on 
j»aralU I lines 
jiai allel(j;»;rain 
parallel j'lanes 
peiUaK'»n 



['eriiin-trr 

pcrp« n(lieidar liiu 

1 rrp« liiiiciilar plane- 

l't»K lu'dral an^le 

l^risn) 

l»rnp(irtioii 

p\Tanii(l 

tjuadrilateral 

radius 

ratio 

reetan>ile 

reetanj;ular bf)li(l 

retk'X anv:le 

regular jjoh ^on 

rhombus 

ri^ht an^;lc 



riv;hi triangle 

<et'ani 

>emieirele 

-kew line*- 

similar tiviure.s 

Solids of re\ (jluiion 

."-tpiare 

straii^ht an^le 

supplementiirs anl;k^s 

tanjieni 

terminal side 

transversal 

traiHvoid 

trianyile 

trihedral anule 

\ erte\ of an an^lc 

veriieal angles 



In tin- .livnrral tlisrussif)n and Ki^'^^ip thinkin^^ of the pupils 
all of ilu'sc c'()na*i)ls wctc* used in om* form anolhrr, and it 
was not until thoir meaning was clear that ihey were* delint^d. 
These delmitions wrrr an outtrnnvlh of the pupils' thinking 
and werr not iho basis for it. Thoy were dorivod in pro(Msely 
ihr same nuuuUT as were thfjse in tin* illu>t ralit^ns of C'ha|>ter 
III. The ori.uinal statements were often xaiiue <uul mi-lead- 
in^i;. These were eorreeled. imj)r()Ve(K and rellned imtil tlu* 
nieanin;^ was precise e\'en though awkwardl\' expressed. 

Ar-^umptiiMis Miide l'> tia- I'upils 
There are jxMnls in >pa« e. 

(hu* and (>nK Mtu- Hr.r tan hr drawn tliton-^h an\ pi>iin> 

Mu- >h(>rie>t di>ianee heturrn two jK»ini.- i- ihr -trtti-^hl liui- jMininy; 
them. 

A line ean he exp ndrd in either direeti«»n j:;-t a^ lar a.N une wants to 
e\ti nd it. 

A line sri^mmt lan he hi-t-eird at i»ni- and "n-^ one point. 

ll two -traicht lines internttt. thi'\ ean iiiter-it i in oru* and only t)nc 
p'>int. 

("^ne and onK ^aiL* plane ean he pa^-rct t!ir«>!j:h three point*- w hieh are 
not ei'lli u-ar. 

;\n inl-nitc r.am'-i r j.hme- * an he pa-.-rd thi»':;^;h thin- points w hi' h 
arr t ollinr.ir. 

(hie and only oa\e [Awn- ean Im p.i>^id li r-'.t^!: iwu inUT>eet in,; lines. 
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One and only diic pLnu' nm U puMt'd tlirmiKli two |»nrftllt<l linps. 
0111^111(1 only inu' pl.iiu- i-an In- paNKctI thiuiiiih ft line »iul a point not 
on (lie luu'. 

If u Kti-aiKlit line iN drawn in a pliuu', iliviiull puintKun tlio lino art' in 
tliu plane. 

If two pluncK inti-rtti'i t iIk\' can inlem-il in ono and only one line. 
X'l'rtlcal anKli'H arc equal. 
Wrtind dilu'dral angles aro i'(|ual. 

If tvvo lines intersei-r in niu'Ii u nianner that the adjucent anuleN are 
equal, then tho two lineH are perpendiiular. 

If two planoH interseit in nucIi a inaiini-i' that the udjaeent dihedral 
annles are e»pial, tin u the phini'M are perpendii-nlar, 

Throan'i a niven point not on a niven line there itt one and onlv one 
perpendieidar to ilu- niven line, 

Throunh any ^iven point there is one and uidy one line perpendicular 
to a Kiven plane. 

ThrouKh a niven piiini not on a kIv.mi line ii is possihiu to draw one 
and on.y one line parallel to the uiven line. 

'I hrounh a Kiven point not on a ^ix en plane it iH im.ssihle to pass one and 
only one plane |iaralli'l to the niven plane, 

An inlinite nunil>er of |)er|)en(lii iilar» ran he drawn to a niven line at 

any niven point on the line and these i)erpeiulii ular.s all lie in the plane 

perpendn-ular to the niven line throunh the niven |K)int. 

A quantity or niuKniiude may he sohstituied for its etpial. 

When e.pial quantities are aikled toeipial <|uantitieH ihesuntsare eipial. 

When ecpial quantities are suhtnu ted from equal (Uiantilien the results 
are etpud. 

When equal .piantilies are multi|)lied hy eipial quantities the iwoduets 
are e(pial. ' 

When equal ipiantities are divided Uy ecpials the tpiotients are equal 

except when the dix isor is zero. 

All slraixht annles ate eipial. 

All rinht angles are eipial. 

The complements of eipial annles are eipial. 

The supplements of eipi.d angles are e(|ual. 

.■\n>' (pianlity or maniiituili' is eipial to itself. 

A dclinition when turned aiuuml is aiTe|italile authority. 

It is po.ssil)|e to draw am- aiul only oiu' line liiseetin^ an angle. 

A line l.isertinn an aUKle of a triunnle must interseet the oppo.site side. 

If two angles and the im iuded side of one trianj>le are e.pial respee- 

lively to two angles and the iiiduded .side of another triangle, then the 

tnaiiKles are eonj^rueiii. 
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If two sUlosarul the inclmleil un^le of irianKlvarovqual rcHpcctively 
to two siduH and the included angle of unuthur trinnKic, then the trianttlca 
are congnunt. 

If the three Hides of one triangle are equal renpeetively to the three 
«ide8 of a becond trianKle, then the trianglen i^re congruent. 

CorreKponding elements of congruent DgurcH are ecpinl. 

A line can intersect a plane In one pninr. only. If it \u\s more than one 
point in conunnn with the plane it must lie wholly in the plane. 

If a line intemectH one of two parallel lineii, then it nuibt internect the 
other aUo. 

One and only one circle can Le drawn with any given center and any 
given radius. 

All radii of n circle are etjuaL 

A straight line and a circle cannot intersect in more than two points. 

Two circles cannot intersect in more than two points. 

In the same circle or in equal circleb e(|ual central angles have equal arcs. 

In the same circle or in eijual circles efpuil arcs have equal central angles. 

The intersection of a plane and a sphere is a circle. 

It is possible to construct an angle equal to any given angle, 

If l)Oth terms of a ratio are multiplied or divided hy the same number 
except 0, the ratio thus formed is e<|ual to the original ratio. 

The area of a rectangle is equal to the product of its base and altitude. 
If two angles of one triangle are resp^^ctively e(|ual to two angles of a 
second triangle, the two triangles are sinular. 

If an angle of one triangle equals an angle of a second triangle and the 
sides which include those angles are proportional, then the triangles are 
.similar. 

If the sides of one triangle are resperlively proportional to the sides of a 
sec(Mul triangle, then the triangles are similar. 

All regular polygons which have the same number of sides are similar. 

All of these assumptions wore ol)tain(Hl by a continuation of 
those methotlfe illustrated in ('hapter III anti are the result of 
group thinking. The great majority of them were recognized 
as implicit in conclusions reached and were then stated ex- 
plicitly. The way in which the assumption **It is possible 
to draw one and only one line Insecting an angle was derived, 
as discussed on page 65, is a good illustration of this. Others, 
however, such as ''Vertical dihedral angles are ecjual/' were 
recognized and suggested by the pupils, although they had 
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no apparent ameifction ss Ith any conclusion alroatly estab- 
lished. 1 Ih' statonu'nts, as glvon hcri', aru tn t\w (onw linally 
acct'ptt'il by all pupils. 

In thi; pri'ci'dlng chapter rffcrencc was iiuulo to "a small 
number of theorems which constitute a common background 
for all pupils and which ser\'e as illustrations of what proof 
really means." The attention of all pupils was directed 
toward the discovery of these theorenis through assuniptions 
selected with this purpose in mind. Numerous illustrations 
showing how this was done are outlined in Chapter III, such 
as that on page 57 which deals with the theorem concerning 
the sum of the two interior angles on the same side of a trans- 
versal which intersects two parallel lines and also that on 
pages «5H -60 by which the thinking of the pupils was directed 
toward the sum of the interior angles of a triangle. Other 
Illustrations, showing only thi suggestions which were uiven 
10 the pupils, follow: 

Hy your own dorinitinn ".A piualleloBrain is a four sidod limiri; wlil« 
Its opposite Mdos parallel." Tht-so properties which vm havi- dven to a 
paralloloKrum in this definition imply oth-r properties. I low nianv of 
these can you establish Uy deductive proof? ^ 

Referring to the diaKram at the ri^ht let us assumo 
that AP and AQ are tanjjents draw.i to circle (; 
from an external point, A, W hat are the iniplica- 
tions of this assumption? 

Draw a riKht triangl.. and from the vertex of the rishl aiij;!.' draw a 
perpendicuhir to the hypotenuse. What propertit.s of this linure can you 
discover and establish by deductive proof? 

Through such suggestions as these the spirit of discovery 
was encouraged, important theorems were established, and 
the pupd gained an increasing appreciation of "what proof 
really means. " In one case the individual forms the hypo- 
thesis that two line segments are equal, as in the second of 
the precedmg illustrations. In another, he sets up the hypo- 
thesis that two angles are equal, or that two triangles aru 
similar or whatever his considered judgment may suggest. 
Ihen he attempts to validate thesu hypotheses by logical 
proof, using whatever methods are available for this purpose. 
Once a conclusion has been thus established for a particular 
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tllagrunj \\v Konurallzus, and by uuch a process thu followlntf 
thcoroniH were established by all pupils: 

t . If a ttanNS orsal ciiIh t wo puralkl liut>6, then the ultemaU' iiiieriur aiiglei 
thiiK fiM'tmnl are equal. 

J. If two linoH an cut by a tran^vcrnul and the altiTnati' intt>rior an^loft 
arc iqual, thtMi the Vum are parallel. 

3. If u transversal cuts two parallel linen, then the interior an^ieH on the 
name liivle of the tianHver^al are 8upplenuMUar>'. 

4. The sum of the interior anKlea of an; trL^^n^le in iMn^. 

5. The of the interior angles of any polygon is (« -2) I8o^ 
(h The 8uni of the exterior angles of any polygon is ,V>o^. 

7. In any isosreleH triangle the angles opposite the e |ual sides are e(|ual. 

8. If the hypotenuse and a side of a right triangle are e(|ual respeetivi^ly 
to the hypotenuse and aside of another right triangle» then the two 
triangles are congruent. 

(). The opposite angles of a parallelogram ore equal. 
10. The opponitc sides of a parallelograni are equal. 
It. If the (>|>p0Hite Hides of a quadrilateral are equal, then the quadrilateiu! 
is a parallelogram. 

12. If he diameter of a circle is perpendicular to a chord, then it bisects 
the chord and the two arcs formed by the chord. 

13. If a line bivsucts a chord and is also perpendicular to the chord, then the 
line goes through the center of the circle. 

14. An angle which is inscribed in a circle is nu^asured by one half its 
intercepted arc. 

13, ;\ tangent of a circle is perpendicular to the radius drawn from the 

center of the circle to the point of tangency. 
lb. The tangents drawn from a given point to a circle are equal. The line 

drawn from the given point to the center of the circle is perpendicular 

to and bisects the line connecting the two points of tangency and 

bisects the angle formed by tlie tangents. 

17. If two chords of a circle intersect, the product of the segments of one 
chord equals the product of the segments of the other chord. 

18. If an altitude is drawn to the hypotenuse of a right triangle, the two 
triangles thus formed are similar to each otlier and each of then) is 
simihir 10 the given right triangle. 

ly, If an altitude is drawn to the liypotetuise of a right triangle, this 
altitude is a mean proportional to the two segments into which it 
divides the hypotenuse. 

20. If an altitude is drawn to tlie h\ potenuse of a riglu triangle, either of 
the arms is a mean proportional to the whole hypotenuse and the 
adjacent segment of tlie hypotenuse. 

21. In any right triangle the sum of the squares on the two sides equals 
the square on the hypotenuse. 



NAT! ki: Ol- I'KDOI- 

AniuMK tin. assiiiuplidus madi- hy tlu' pupils wviv soino 
wliiih .«*tairil ihal it was possililc to maki- (vitaiii roiistruc-- 
tU'iis. and ilu- t.ai lu-r diivci.-il tlu- altmiion of tlu- pupils to 
llu' soluliou of tlu-si- piolili-Mis. I'or cxaiupli'. if "it is possibK' 
[(» rouslrut l an umkIc rcpuil lo a .^isvn annk-," fu.w can this 
I'c doiu-r II "a lini- si'Krni-ni ran l.i- Lisi-t-ii-d hv one and only 
"lu- poujt." hou- Muiy this point In- di-iiTmincd? l!v laisiu^ 
surli (|ui'Stions, iho following pn)l)U-nis svi-n- solsi-il:' 

TIiiuukIi .1 I'liim n.nsiriu I .i |.cr|H H(|iciiliir tu ,i nivi-ii liiu-. 

4. (Viiisinu i ,11) iiii^jlc »M|iuil Ui ii nivi n 

5. Thr.mul, niv. h point lu.t ..n :i kIm-m liiu- .Iimw .1 lin,. luir.illH tu ;t 

In addition to thcsi' tlu-oivnis and prol)k-nis which (<on- 
stitulnl a c-otntnon l)ackKa)und for all pupils, a nuiulnM- of 
uthiT tlu-oivins worv I'slalilishi-d from a study of the a-sunip- 
tions suKjjc'stud in the " tuinu-o^rai.hul material availal.U- to 
all stiuU-ntH but not rupiircd of any. " Pupils do not all work 
at the sanu' rate- and this "i-xlra" material was provided for 
tlKise who were interested to investigate further the assump- 
tions whuh had iu-en K^-neraliy accepted. l-:\i.-n those p ipils 
wlu) worked most slowly had sufficient time to examine some 
ol these assumptions and were siu-cessful in reeo^nizinK sonu- 
nt the less complex implications. A small ^foup of pupils 
became interested in " inecpudit ies" through their study of 
the isosceles triangle, and in their attempt to establish the 
relation butwt-en an^li-s that W(-re opposite unetpial sides 
foumi that they needed assumiitions which had not already 
been accepted, 'riu-y stated th(-se assumpti.wis explicitly, 
placeil them m their text, and prowd the theorem that "if 
two sules of a trianKle are une(|ual. then the anKh- opi)osite 
the larger side is greater than the angle opposite the smaller 
sale. " 

_ It is well to emphasi/e again the fact that all of this huli- 
vulual work was dont- during the super\-isi.'d .studv periiuls 
under the duection of the teacher. ( luidance wa.s given wher- 
ever It was needed. IVrtinent (juestions were raised with 
Huhvulual pupils, helpful suggestions were ma.le and tlu- 
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thinkiiip of tlu» pupil was thus tlim tiil tt«\varil t\w discovery 
of iinplicaiions. The i xtint uf tills miidantT variod with the 
pupil, but in iin rase was a loiupU-lc pnuif ^ivi-n or i'\i.'n su^j- 
K'l'sti'ii. Tlu' spirit u( tlisKAi ry was I'mnuram-il and tho pupil 
was I'xpi'C'ti'il to Ki-nuralizi' any a)nrlusion cstahlishi-xl for a 
particular diagram. The additional tlicorcnis thus cstah- 
lishi'd are Ki\'»'n in Tahli- 8 and thi- MuniU-r of pupils proving 
each thourcni is also inilicutcd. 



TAUi.li 8 

AUDI! IllNAl. TUKOUI-MS KST AHI.IsUI- 1) llY TUli Pl^Pll.S 



I'luviiiH llieoteiii 



If each of twd lint's is poi puiulivuliir lou tr.iii.svurmil, ilivii ilie 

t»o liiicH iire (Mriilk'l. 2j 

If a triuisversiil i-nis two lines in such a w ty that the I wo 

interior unci vs uii t lie iintiic side of t hp triinsvurHiil «irc suppti?* 

tiieiuary, thuii the two tines arc piuattet. 25 

If u transversal cuts two par.ittct tines and if it is perpen* 

diculiir (u uneuf ttiein. it is atsu pt^rpendicutar to the other. 25 

If the arms of a ri^tit Irianste are e(|uat respei'tivcty to the 

urnis of another right trian^te. then the triangteti art coti- 

Kruent. 25 

The two acute anodes of a right triangte arc eompteinentury. 2^ 

If an angte \s inscribed in a semicircle, then it is a right ant;te. IQ 

If two triangtesare .simitar (o the same triangteMhen they are 

simitar to each other. ly 

If two angles of a triangle are equal, then the siiles opposite 

these angles are equal. 16 

The diagonals of a parattetogu.ni bisect each other. 1*5 

In any .soscetes triangle the line bisecting tlie vertical angle 

also bisects the ba,se and is perpendicular to the base. 14 

If two angles have their sides respectively parallel, then they 

are either equal or suppltnicntary. 12 

An exterior angle uf a triangle is equal to the sum of the two 

opposite interior angles. 10 

If two angles of one triangle are e(|ual respectively to the 
corresponding angles of a second triangle, then the third 
angles are equal. to 

If two angles and any side of one triangle are equal respec- 
tively to two angles and the corresponding .side of another, 
then the triangles are congruent. 9 
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T.Mil.K 8 (CtiHtinuetl) 
ADDITIONAL TIIKnKKMS IsSrAIU.lSlllsD HV TIIK PUPll.S 



If Hie (li Konals of u ((ludrilaiiMMl liNoct each iiHier.thiMi Hie 
f|Uiuli'ila(erul is u parallclPKiain. 

U twu lincH are parallel 10 a ihinl line, then (hey arc parallel 
(u each other. 

The area uf a parulleln^riun inthu product of the base niul the 
hciKht. 

The me uf each iiUeriur un^lc of a regular n-^oix U iHo"^' 

If two sides of a triangle are uaeciual . t hen the angle opposite 
the larger side in greater iluin the nwi !u opposite the hinuller 
Hide. 

If two angles of u triangle are un(*(|ual. then (he hide opposite 
the larger angle is greater than the .side opposite the smaller 
angle. 

If the opposite angles of a quadrilateral arc equal, then the 
quadrilateral is a parallelogram. 

The area of any triangle is one-half the product of the base 
and corr(!sponding height. 

The angle between two chords of a circle is measured by one* 

half the sum of the intercepted uics. 

The angle between two intersecting secants is measured by 

one-half the difTerencc of the intercepted arcs. 

The angle between a secant and a tangent to a circle is meas* 

ured by one-half the difference of the intercepted ores. 

The angle formed by two tangents to a circle is measured by 

one-half the difference between its intercepted arcs. 

If a perpendicular is drawn from any one point on a circle to 

a diameter, this perpendicular is a mean proportional between 

the segments into which it divides the diameter. 

The angle formed by a tangent and a chord firawn from the 

point of tangency is measured by one-half the included i rc. 

The area of a trapezoid is one^ialf the height times the sum 

of the two parallel sides. 

If two angles have their sides respectively perpentlicular. the 
angles are either equal or supplementary. 
!f a serie.'i of parallel lines cuts e(|ual segments on one trans- 
viT>al, they cut ctjual segments on all other transversals. 
The ratio of the area of any two similar triangles is the square 
of the ratio of similitude. 

If from a point outside a circle a tangent and a secant are 
drawn, the tangent is the mean proportional betvveeti the 
secant and its external segment. 
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Tho additional prubli'ms that were KoKed hy the pupils are 
Ki\ en in 1 alilu y. 

ADD TIONAI. PRoaLlCMS SOl.VKD UV TIUC VVViUS 



Suicmohi (if PruhU'iu Number nf PuimIa 

At a Kivcn point on a cirdu conhtruct a tangent to the tircle. 20 

(liven two lin? ^e^;n^fc^ls. const rt':t the mean pruportiuna! 

hetwcun them. 5 

ThrouKli u Kivun point outiiiile a circle draw u taiiKcnl to the 
circle. 

C orjstruci a iriauKle with its ihrer Hiiles equal respectively 
to three ^iven line segments. ^ 

C onHtruct a triantjle having ^iven two ttiilenaiul the indudetl 
nnulc. 

C onstruct a triaM^le having ^iver* two angles and the in- 
cluded side. ^ 



4 



'Ihv vonvvpt: of **locus" was considered as the *'place of 
all points which met certain yiven conditions. This con- 
cept was extended to include three dimensions and, although 
no proofs were given, the following propositions were stated 
and accepted by the pupils; 

'Hie 'uciis t>f all points in a plane equidisiint from two ^iven points is 
the pcrpendirular bisector of the straight line joining' the two points. 
'Hie U)cius of all points in tliree-dimentiional space etpiidistant from two 
Kiven points is the plane which is perpendicular to the line joining these 
two points antl pavssin^ ihroujjh the midpoint of this line. 
']*he liu'us of all points ctjuidislant from two intersecting lines is the 
pair of lines which hisect the angles formed hy the two inlersec.in^ lines. 
'I'lie locus of all points equidistant from two intersecting planes is the 
pair of planes which bisect the dihedral angles formed hy the two 
intersecting |)lanes. 

The locus of all points in ;* plane at a given distance from a given line 
consists of two lines parallel to the gis en line and at the given distance 
f roPi it, one being on one side of the line and one being on the other side. 
Tl.v locus of all points in three-dimensional space at a given distance 
from a given line is a cylindric surface whose axis is the given line 
and wliose rach'us is tlic given distance, 

The locus of ,^11 points in three-dimensional space at a given distance 
from a gi\ cn plane consists of two planes |)arallel to the ^iven plane and 



THE NATURE OF PROOF 07 

at till' Kivcn distance frori) it» one beinK ^^^^ ^ide of the plane untl one 
beinf* un the other .side, 

The locus of nil points in a pinne at u Riven disiiuuv from u niven point 
is a circle whose center is the Riven point nnd whose radius is the given 
distance. 

Tn« locus of nil points in three-dimensional space at a Riven distance 
ifom a Riven point is a sphere whose center is the Riven point and whose 
radius is the Riven distance. 

Just awS the concept of locus was extontled to three dimen- 
sions other concepts were similarly extended. The lines, 
planes and dihedral angles in the room in which the pupils 
worked were used as illustrations of three-dimensional ideas, 
and through a continuation of the procedures outlined in 
Chapter III the following propositions, usually recognized as 
theorems to be proved in a regular solid geometry course, 
were accepted : 

If two planes intersect, they can intersect in one and -^nly one line, 
If a plane intersects two parallel planes, then the aLcrnatc dihedral 
angles thus formed are equal 

If two planes intersect in such a manner that the adjacent dihedral 
angles are e(iual, then the two planes are perpendicular, 
An infinite number of perpendiculars can he drawn to a given line at 
any given point on the line and these perpendiculars all lie in the plane 
perpendicular to the given line through the given point. 

Through a given point not on a given plane it is possible to pass one and 
only one plane parallel to the given plane. 

Through a given point there is one and only one line perpendicular to 
a given plane. 

Through a given point there is one and only one plane perpendicular 
to a gu'^^n line. 

If two parallel planes are intersected by another plane, then the lines 
of intersection are parallel. 

If two lines are parallel and a plane is passed through one and only 
one of these lines, it is parallel to the other line. 

If two lines are each perpendicular to the same plane, then they are 
parallel to each other. 

If two planes are each perpendicular to the same line, then they are 
parallel to each other. 

If each of two intersecting planes is perpendicular to a third plane, then 
the intersection of these planes is also perpendicular to the third plane. 
If each of two intersecting lines is parallel to a plane, then the plane 
which these two interoccting lines determine is parallel 10 that plane. 
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In the judRinpnt of the teacher those experiences of the 
pupils in sclertinK undefined terms, making definitions, ac- 
cepting assumptions and searching for their imph'cations 
served as an excellent preparation for a consideration of the 
ideas presented in Professor Kcyser's Imok Thhikwn ahout 
Thtnking. About the middle of the second year the pupils 
were introiiuced to this book through the discussion of cer- 
tain selected portions read by the teacher. This aroused 
considerable interest and ail pupils read Chapters II and IV 
while some of them read the entire book. The discussion' 
which followed revealed a comprehensive understanding of 
the ideas covered. Empirical and pootulational thinking 
were contrasted and the long history of man's effort to find 
*'the truth" was recognized as an important factor in the 
evolution of proof. There seemed to be a "readiness" on 
the part of the pupils for careful consideration of these ideas, 
ami the teacher asked each of them to prepare a paper' cn 
"The Evolution of Proof," giving careful attention to auch 
points as: 

The contribution of the Egyptians. 

The contribution of the Grct'k.s. 

The "a!)soIute truth" of Euclid's conclusions. 

The contributions of such men as Saccheri, Lobatchcwsky, Bolyai, and 
Ricmann. 

The modern concept of proof. 

To assist in the preparation of this paper references were 
given to the following books : 

Sanford. Vera. A .Short History of Mtitliematus. Houghton, Mifflin 
Co., 19,^0. 

Smith, David Eugene. History of MatlifmutKs, Vol. 2, Ginn and Co.. 
Hell, Eric T. The Search for Trutn. The Williams and VVi'ki- Co.. 

« AmonR the observers during this discussion were six seniors from the College 
ot hducation. Their observation reports, written for fheir college teachers, reveal 
their opinion as to the thinking of the pupils. Pertinent parts of these reports 
are given in the next chapter on " Kvaluation." 

•Samples of these papers are given in the Appendix. 
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Six pupils, howH'Vor, did not limit thcmsolvcs to these three 
books and an examination of the bibliographies they presented 
reveals that in addition the following references were used: 

Enfythpedia Hritnnnica, Vol xxv, Logic and Proof. 

Keyscr, C. J. Thinking about Thinking. E. l\ Diitton nnd Co., 19^6. 

Russell, Hertrand. Inlmluction to Mathemalkal Philosophy. Macmillan 
and Co,, iqk), 

Smith, David KuRtMic. Muthvnialics, l.oiiKnums. Cirofii and Co., 193H. 

Smith, David Kiigune. ^1 Soune Hook in Mttlhemalus, McGraNv Mill 
Book Co., itjiy. 

The pupiLs recognized that the preparation of this paper was 
related to their work in Knglish, and they received helpful 
criticism and suggestions from the ICnglish teacher who ac- 
cepted the papers as a part of the writing expected of each 
pupil. 

In summarizii\g the activities of these pupils it should 
again he pointed out that the class met four times each week 
for periods of forty minutes. No pupil was expected to do 
any work outside of class, and provision was made within 
class time for all needed study which meant that this lime 
was used for the following purposes: 

I. Periods for general discussion and group guidance 

These periods afforded opportunity for the interplay of 
minds and helped to establish the background common to 
the experience of all pupils. Conclusions already established 
were analyzed, questions wore raised through which atten- 
tion was directed toward the discovery of "new" theorems 
and opportunity was afforded for each pupil to contribute to 
the thinking of the group concerning the points imder dis- 
cussion. Tangible outcomes were found in the general agree- 
ments reached as to: 

a. The selection of the undefined terms. 

b. The terms to be defined and their accepted definitions. 

c. The recognition and explicit statement of assumptions. 

These periods also provided opportunity for discussing 
certain phases of the hl.story of mathematics, for a considera- 
tion of such books as Thinking about Thinking, The Search for 
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Tnttti and for a study of any material pertinent to the chanR- 
Inn oincopt of what proof really means. 

3. Pcnodsfor sHftcrvimi study and individual guidance 

A summary of the ilUYerent sorts of activities carrieti on 
(luring these periods follows: 

rt. PlanninK the orRanization of the textbook and keep- 
injv the development of thia book up to date. (Re- 
quired of all piipils) 

b. Analysis of arKunients presented In non niathematieal 
material. (Re(iuiretl of all pupils) 

c. Library reading related to the history of mathematics, 
the practical aspects jyoometry, and the evolution of 
proof. (Requiretl of all pupils) 

d. KxamininK the implications of assumptions 9ugKt>«tf(i 
in mimeographed material. (Not required of ajiy 
pupils) 

ICach pupil was free to use thes(? periods of supervised study 
on any of the above activities which for one reason or another 
claimed his attention. 'i"he teacher was free to confer with 
each pupil and made a definite point of helping those who, 
in his judgment, needed guidance in directing their own 
activity. \\'henever it seemed advisable, imiividual confer- 
ences outside of class time were arranged. 

The ratio of the time si)ent in general discussion to that 
spent in supervised study varied considerably with the devel- 
opment of the work. I )uring the first three months this ratio 
was approximately : i, while for the last six months it was 
approximately i ; 3. As the |)Upil.s became more familiar 
with postulational thinking and the nature of proof, they 
needed more time for independent investigation, and this 
ratio for the entire course was approximately 1 : 2. 



CIIAPTKR V 
EVALUATION 

DIFM-iRKNT KINDS OF KVAI.UATION 

Ni-MivRors tests arc available by which the mathematical 
facts memorimi and the skills actiuired as a result of the 
prncediiri's outlined in Chapter III can be measured. To 
make such an evaluation is a comparatively easy task but 
for purposes of this study it is relatively unimportant. Our 
major concern is to determine as nearly as possible the effect 
of this sort of training on the behavior of the pupils and the 
extent to which their reflective thinking has been improved. 
There is no one way by which such an evaluation ca'i be 
made. While paper-and-pencil tests may reveal potertiaii- 
tics for the behavior defined on pagets 11-12 they cannot 
guarantee that the actual behavior of the pupils is consistent 
with the results indicated. In discussing this prol)lem, Dr. 
Ralph W. Tyler says that "All methods of evaluating human 
l)chavior involve four technical problems; defining the be- 
havior to be evaluated, determining the situations in which it 
is expressed, developing a record of the liehavior which takes 
place in these situations, and evaluating the recorded be- 
havior, "i In a later article v. ere he furtl'f< discusse.'* this 
problem, Tyler writes, "An adequate evaluation involves 
the collection of appropriate evidence as to the changes taking 
place in pupils in the various directions which are important 
for educational development. This evidence is not limited 
to that obtained from paper-and-pencil examinations. It 
may include records of observations of young people, the 
collection of products of their work . . . and evidences re- 
garding the purposes which progressive schools arc attempt- 
ing to realize. "5 The sources of data used for this evaluation 
are: 

'Ralph \V. Tyler. "Techniques for KvaluatinR Heliavior." Educational Re- 
search Bulletin. Ohio State University. \'ol, xiii. No. i. kj.u. pp, t 2. 

'Ralph \V. Tyler. " Evaluntion: a fhaileiine to iVoRressive Education." 
Educational Research Bulletin. \'ol. siv, No. i. ig.vs. pp. 9 ih. 
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1. Rorord of scores made by pupila on the Ohio Every Pupil 
'IVst in plane geometry. 

2. Rosnltn of paper-and-poncil tests on the nature of proof 
applied to ncm-mathcmatical situations. 

3. Contributions of students illustrating situations to which 
hal)its of thought developed in their study of the nature 
of proof had transferred. 

4. Parents' ol)servations concerning improvement in the 
critical thinking of their child. 

5. Record of six oi)scrvations iiiade i)y college seniors. 

6. Students' observations concerning improvement in their 
ability to think critically. 

THIS OHIO EVERY PUPIL TEST 

While the control of geometric subject matter was not one 
of the major purposes to be accomplished by the pupils in 
(Mass A, nevertheless it seemed desirai)le to compare their 
achievement in this respect with that of pupils who had fol- 
Imvod the usual course in geometry. The April, 1936, Ohio 
Kvery Pupil Test in plane geometry' was used for this pur- 
pose. The highest possible score was 80, and the scores of the 
2,772 pupils who took this test ranged from 2.0 to 79.0 while 
the scores of the pupils in Class A ranged from 15.0 to 79.0. 
The median score of the pupils throughout the state was 36.5, 
while the median score of the pupils in Class A was 52.0, this 
score falling between the 80th and 90th percentiles of the 
state scores. 

These results would seem to indicate that even though the 
pui)ils in Class A had covered only a small part of the geo- 
metric content usually studied in plane geometry they knew 
at least as much about those aspects of the subject which this 
test measures as the larger group throughout the state. In 
general, they found the test too long to be completed within 
the 45 minutes allowed and a number stated that if the time 
had been longer they could have worked out many of the 
results which, in view of their limited acquaintance with the 
subject matter, were entirely new to t'lem. It is probably 
safe to say that the constant emphasis on method at the 
expense of content had decreased the content familiar to 

•A copy of iliis tcit may be found in tlip Appendix. 
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them but had increased their power of attack on new and 
original exercises. At any rate, there sccnis to have been no 
loss in control of subject matter. 

"N.MlTRli OF proof" TEST 

At the beginning of the year a pre-test* on the nature of 
proof applied to non-mathematical material was gi\cn to 
each of four different classes. Two of these were Class A 
and C lass H. described on pages 19-20 of Chapter II. The 
other two classes, which were in two different schools, will 
h2 called Class C and Class I ). IC ach was a tenth grade class 
in plane geometry. In dass C there were 34 PUpils and in 
Uass I) there were 25 pupils. Classes H, C and 1) followed 
the usual formal course in demonstrative geometry. Class A 
\vas used for the experimental work, and the program of the 
fifty pupils in Classes A and H differed with respect to each 
other only in regard to the geometry, while they differed in 
many ways from the iirograms of C^lasses C and D. 

Table 10 

CHANCiK IN Ann.ITV TO ANALVZK NnN-MATHKMATlCAI- 
MATKKIAI, AKTKR ONK VKAK S STCDV OV (JEOMKTRV 



MKAN SroRKS 

CLASS ~ — . 



Pre- Test 




Kinal Test 


S.K. 


ChanKC 


S.K. 


16.7 


0.9 




0.8 


7.5 


1.2 




0.9 


14.0 


0.7 


I.O 


I.t 


14.3 


0.5 


I4.I 


0,6 


-0,2 


0.8 




0.8 




0.6 




1.0 


I,V8 


0.4 


13.5 


0.4 


-0.3 


0.6 



At the end of the year Classes C and D had completeti all 
required work in geometry whereas Classes A and B had com- 
pleted only the first half of their work in accordance with the 
conditions outlined on pages 21-22. This te.st was again 
given at this time to each of the four groups. I'\)ur dillVrent 
people, one of whom was the writer, scored these t(>sts inde- 
IX'ndently and from the results a composite score was found 
for each pupil, 'f'he mean scores for each class and alsi; for 

♦ Refer to Appendix for a copy of this test. 
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(Masses 1), and I) combincnl are jiivcn in Tabic pajjc 

The prc-test was actually gix'en three weeks after the opcn- 
inii of the school year. Du/nH: this time much emphasis was 
placcul on the importance of defmition in Class A, and this 
doubt K^ss had some effect on the p^^e-test score in this class. 
However, it will be not(Hl that the ability of the pupils in Class 
A to handle material of the sort given in the test definitely 
imi)r()Vefl (hiring the year, while there was no change of any 
importance in the classes where formal demcnstrative geom- 
etry was taught. 

Since the programs of the pupils in Classes A and B were 
alike* with the exception of the work in geometry, it seemed 
profitable to compare further the results of these two groups. 
Threc^ criteria were selected. Criterion P is improvement 
in ability to analy/e material vi the sort in the nature of proof 
test. (Viterion O is the amount of retention of this ability 
at tlu* c^nd of the summer x'acation. Criterion R is achieve- 
ment in resi)ect to tlu» traditional ol)jectives of geometry. 
At the c^nd of the first year the pupils in both classes took the 
same test * in formal geometry and these scores were avail- 
able. Scores on retention were also available for both groups. 
Th(^ pnxx^dure here f()llf)wc^d consists in using the known 
factors in onc^ of tlu^ groups for the purpose of predicting 
(Uitcomes in tlu^ othcT group. Regression equations were 
(le\cl()i)e(l and in this i)artici lar case these ecjuations were as 
ft )!!()ws: 



when* I rei)res('nts tlu^ Otis intc^lligence score and 2 repre- 
scents tlu^ pn^-test score on thc^ nature^ vi p^-oof. These ecpia- 
tions arc based cntirc^ly on the achic^vement made in Class A, 
while Class li has not been utilized in any way, and they can 
thus b(» used to predict thc^ (^xp(rted ichiev(^ment in Class B 
had th(^ teaching procedures for thij^ ^^i )up been the same as 



An 



.i.v) A'l .2^1 .v.. + 2.4^1 
,^U) A'l .2-^4 A' 2 7..^-2 
J. 44 A'l + A'2 ~ I47»i^ 



A* 



K 



^ Rvffi (o Uiu Aj)pvn.Ii.\ for a copy of this te^t. 
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those used in Class A. T\w results are Kis'cMi in Table 1 1 and 
m eaeh ease the predicted acduevenient is hii^her than the 
aetual aehievement. whieh sujijiests that the prcnvcliires used 
in Class A yieldi^d more etTc^eiive results. There is. howeser. 
the possibility that these differences in aehievement may bJ 

ACll AL AND PRKDICTED ACHIKVKMKNT IN ei.ASS B 



C nicnon mmi ot eiu.s meat of C l«.s U^ftt^rem^^ 



P (non-niathe- 
niaticut 
material) 

Q (Retention) 

R (Cieometric 
Proofs) 



13.98 




13.<>7 






7«i7 


84.83 




6,74 



•These values were deterruiued by the formula: 

differenre 

5 V tT- 10 



where ft iti the multiple ror.rlation ot huw well rruerinri su.res ean be prerJictcJ in CU,-> 11. 

cjue to factors vvhicrh were uncontrolled, l)ut they cannot be 
due to pupil variations in the Otis intelligence scores or in 
the pre-test scores in the nature of proof. 

ILI.rSTR.ATIONS OF TRAN.SI'HR 

The results of the paper-and-pencil tests on tlie nature of 
proof suggest that the pui)i;s in Class A had "potentialities 
for the kind of behavior dellned on pages 11-12," but evidence 
IS needed as to whether or not these habits of thought were 
actually used outside the classroom. One kind of evidence is 
found in the pupils' voluntary contributions which illustrate 
situations to which these habits of thought did actually tran.s- 
fer. I able 12 gives illustrations of transfer contributed bv 
pupils. 
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TaDLE 12 

IM.rSTRATiONS OF TUANSKER CONTRIBUTED UY Pl\MLS 



N*ature of 
ConiribuiUin 



Number of Such 
Contributiuna 



DiiTerent Pupils 
Making This Kind 
of Contribution 



Analysis of current adver- 
tisentents 

Illustrations where discus- 
sion was clarified by point- 
ing; out conflicts in definition 

Analysis of editorials, maga- 
zine and newspaper articles 
Recognition of unexpressed 
implications in non-mathe- 
matical data 

Analysis of lectures and 
ministers' sermons 
Analysis of political material 

How exposition has been 
clarified 

How important decisions 
have been reached through 
careful examination of evi- 
dence 



13 

O'her classes 

M 

Out cf school 
5 

9 



2 
2 



9 
9 
4 
7 



2 

2 



Of the twenty-five pupils in Class A, twenty of them con- 
tributed one or more illustrations of this sort. It should be 
emphasized that these contributions were entirely voluntary. 
These twenty pupils recognized that their reflective thinking 
had been improved through their study of proof and they 
were sufficiently interested to record these illustrations of 
transfer. This does not mean that these were the only illus- 
trations available nor does it mean that the other five pupils 
had nothing of this sort to contribute. It simply means that 
no other illustrations of this kind were recorded. There is 
perhaps some significance to the fact that most of these con- 
tributions were made during the second year. 

OBSERVATIONS OF PARENTS 

While the contributions listed in Table 12 were made vol- 
untarily. th(TO is a possibility that the influence of the teacher 
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may have been a factor in this situation since these contribu- 
tions were given to him for his examination. In an effort to 
learn whether or not there had been any change in the critical 
thinking of these pupils in situations entirely removed from 
the influence of the teacher, the parents were interviewed 
individually. It was neither possible nor advisable for the 
teacher to conduct these interviews, and the man selected 
tor this purpose was an experienced mathematics teacher who 
had visited the class, knew something of the nature of the 
work, and had expressed mild doubt as to its value These 
interviews occurred during the latter part of the second year 
when the course was nearing completion. The parents knew 
nothing of this work from firsthand contact with it. Their 
judgment of its value was determined by the reaction of their 
child and their observation of its effect on his thinking. 
1 hrough informal discussion with the individual parents, sup- 
plemented by direct questions when advisable, the inter- 
viewer secured a record of ways in which the parents believed 
this work had improved the critical thinking of their child 
It was possible to see the parents of only twenty-two of the 
pupils. A summary of the comments obtained through such 
interviews is given in Table 13. 

Table 13 

OBSERVATIONS OF PARENTS CONCERNI.MG CHANGES IN PL'PILS 





Kind of Commcni Made by 22 Parents 


Number 
Making 
Comment 


Attitude 
toward 


Formal geometry course is a waste of time. 




formal 
geometry 


Any change in formal geometry would bean improve- 
ment. 






Formal geometry develops logical thinking but im- 
provement in method is needed. 


3 


Tupil's 
interest 


Very enthusiastic about the course. 


19 


in course 


Moderately interested in the course. 


2 




Dislikes the course. 


I 
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Tahuiv 13 {Continued) 

OBSERVATIONS OF PARENTS CONCERNING CHANGES IN PUPILS 





1 . 1 .1 . 1 .... 


Number 




Kind of Comment Make by 22 Parents 


Making 






Comment 


Cause for 


Chilli believes course has taught him how to think. 


9 


pupil's 






nttitii/lA 

iiiLiiuue 


V. nuu cujuys uii piiabca ui inm ncmaiico. 




toward 






course 


v^niiu sa^s ne nas wasieu mb iime in me course. 


ff 
1 


' ■ 

Parent's 


The courst has been of real value to my child. 


17 


judgment 






on value 


The most profitable course my child has ever taken. 




of course 








Doubts preparation of child for college mathematics. 




Parent's 


The courKC has definitely improved the ability of my 




judgment 


child to think critically. 


16 


as to 






effect 


Through this course my child has learned to like mathe- 




of courne 


matics. 


3 


on child 








The course has improved my child's power of concen- 






tration. 





Parents giving one or more illu.strations of critical thinking definitely 
attributed to the work of the cour.se. 13 



The illustrations supplied by the parents were not funda- 
mentally different from those given in Table 12, although 
they covered a wider range of activity. In addition to an 
analysis of advertisements, magazine articles, editorials, 
political speeches, and sermons were such illustrations as: 

*' Recognition of hidden assumptions underlying church doctrines." 

" More effective and wiser use of money,*' 

'*Q^^'stioning of a.ssuinptions on which choice of profession was based." 
"Recognition of false assumptions in speech on foreign relations." 
"Kntering more freely into adult conversation because of added in- 
sight.*' 

" Helping to remove child's prejudices," 

Some parents, even though they considered the course 
valuable, felt that it might tend to make their child too crit- 
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iVal ami cncoiiraKr (luil.hlinK. All (iiiotations of this sort are 
taken in full Ironi the report of the interviewer: 

•'TIk« mother thinks that thi- ^;irl has henune loo cvniail and is civen 
to a sreat amount of ciuihhlinn." 

"The parents fear that the coiin.o may tend to inhibit in the bov the 
powor of imaKinaticjn for creative writing in KnKh'sh. Kor example, 
when he was writing of a personal experience for an Kn«lish assignment 
he resenteJ some suggestions his mother made in order to add interest 
to the composition on the hasis that the suggestions were not facts. 
Jle wihlied to write only in a scientific manner." 

"The mother fears that the girl may carry her criticism to the point of 
•imhbling, however. In some cases she has gone to the point of criticis- 
ing authorities on subjects about which she knew nothing." 

\\'hile various interpretations might be given to the sig- 
nifieance of these three quotations there seems to be no ques- 
tum concerning the fact of transfer. I'he parents appear to 
believe that through this course the thinking of their children 
has become more critical, and their only concern is that it 
shoiild not become too critical. The probability is that work 
of this sort will :end to reduce "quibbling." for it should 
enable the student to focus his aitention on the critical and 
fundamental points in any discussion. 

RKPORTS OF OnSKRVKRS 

Among the many observers wh(j visited the class were a 
number of mathematics seniors from the college of education 
1 hey were reciuired to write reports of their observation and 
these reports were given to their college teachers. They were 
not written for the classroom teacher nor did the observers 
have any idea they would be seen by him. Some of them 
however, did fall into his hands, and the following pertinent 
quotations are tv'ken from six different papers: 

I. "The students were working, each at his (jwn problem while the teacher 
discussed points with each of them and raised ()uesti,jns concerning 
relations which they had missed. The motivation of those students 
must have been particularly f.jrceful for, even though thev were working 
on at least tour dillerent tNj.es of material, there was irrv little wasted 
time. One of the methods of motivating these students seemed espe- 
cially interesting to me. In the written work which the pupils had just 
handeci in they had considered the problem of detining Testauranl' in 
nmuection with an industrial co<le which ha.l come up before the legis- 
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lature. Adults wvrv stru^^liii^ to fiiul a dcfiiiitioti whicli would include 
the IJUsiiiL'ss liouses desired. That tlu'M* slu-dtiiis should tackle this 
situation, whicli had been nuide meaningful and interesting to them 
through this course, and that the\' were able to analyze the situation 
and point out s()ecitic difticulties made the assij^nment interesting. 
I particularly liked that plan used in this classroom situation in which 
the students work at their own speed, putting in extra time where they 
need it or on parts in which they are interested hut are kept as a group 
by the group discussions of work that all students have completed or 
ideas which are new to all of them." 

2. "On this particular day there was no group work or class discussion. 
The pupils were working individually on differenl problems. The teach- 
er, howcvLT, showed me some of the materials of the course which gave 
me a much clearer understanding of it. This included some work on the 
A..'\.A. referendum, some political statements and some statements of 
newspaper policy. I was amazed at the intelligence and clear thinking 
that the students did on these problems. One knew just exactly where 
they stood and what their position meant. They pointed out definitely 
the assumptions on which the writers based their conclusions. (I am 
inclined to think that the writers of the original statements did not 
realize their basic assumptions.) The pupils further pointed out words 
which the writers had failed to define and showed unusual ability in 
clear, logical thinking. 

"I also Iiad the privilege of examining some papers which the students 
had handed in voluntarily. These papers dealt with more or less the 
same type of thing and ranged in length from one paragraph to several 
pages. One very short one showed that an argument in a psychology 
class was definitely settled when the protagonists agreed on their 
definition of *genius.' Another criticized some loose thinking in the 
Reader's Digest; another tore an advertisement to pieces. 

In summary. I could tell that the pupils were receiving a very definite 
practical kind of geometry; that they were being trained in auton( nious 
thinking of the highest type." 

"After listening to the class discussion I felt that I understood much 
better than before the material in the book 'Thinking about Thinking* 
and I am sure that tlie students themselves understood the material 
better than before. N'ot one of the students seemed to feel that the 
material in the text was dry and uninteresting and I really feel that the 
book was more difficult than most books with which high school stu- 
dents have to deal. There was a keen interest in the recitation and a 
respect for the other person's opinion manifested in the classroom. 
Altogether, the hour si)ent was a profitable unc and I am sure that each 
person who heard the discussion is a more intelligent jierson than 
Ijefore." 

4. "The discussion for the day was based on Keyser's book. Thinking 
about Tliitiking/ I was particularly impressed by the active participa- 
tion of the students in the discusjsion. They did tiie discussing* made 
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sugjjc'siions ami took exception to points brought up. The teacher bad 
very little talkinji to do and yet the situation was one in which the 
students were very interested, were thiiikinji on the subjet t and were 
really learning to think, 

**I believe that the ease with which thobC childieii took exception to the 
teacher's ideas emphasizes the novel relationship which exists between 
teacher and pupil in that school situation. It niijiht aUo be considered 
an index to the amount and kind of thinking done by the child. The 
intelligence of the cjuestions asked by those students far surpassed that 
found in the ordinary high school situation." 

5. **The class pointed out that autonomous thinking was of the 'if-then* 
type, involving undefined terms, defined terms, assumptions and finally 
conclusions. They gave an excellent illustration of autonomous thinking 
with 3 + 4 7 as an example, listing the definitions and assumptions 
involved in this reasoning. Throughout the discussion the\' showed an 
unusual familiarity with other number systems as well as historic con- 
tributions to mathematics and they demonstrated their capability in 
thinking in terms of number systems other than our own. They (|ues- 
lioned statements of each other and of the teacher. There was nothing 
slopp\- or slip-shod in their thinking. 

'*This observation, together with previous ones I have made of the same 
class, has convinced me of the value that can be derived from high school 
mathematics, I have often doubted the justifiabilit\' of much of it and 
I feel that I, myself, derived very little practical benefit from my high 
school mathematics courses. However, I am now armed with ecjuip- 
i.ient that will answer attacks on the place of mathematics in school. 
I believe that 1 can make it fill a definite need for I wonder if many 
a veteran mathematics teacher wouldn't have felt himself unequal to 
the pupils in this class during that discussion. Those pupils showed 
that they had a method of thinking that would apply to all fields of 
thought.** 

6. **The pupils discussed Keyser*s Thinking about Thinking and the 
particular class which I observed was devoted to a comprehensive con- 
sideration of the book. It seemed quite remarkable that the individual 
members of the class independently anticipated Keyser's steps outlined 
in the process of thinking. These steps were expressed in an original 
manner and were arrived at usually by intelligent and thoughtful 
questions. Only after the pupils had formulated definite thoughts on 
the steps of thinking were their ideas verified by direct ciuotations 
from Ke\'ser. 

*'Such pertinent ideas as 'No one does only autonomous thinking/ 'The 
simplest habit formation at the outset was autonomous thinking* and 
the like were brought out by members of the class and were immediately 
met with active thought and discussion on the part of the rest of the 
members of the class. Mathematics history was not neglected in the 
class discussion and such names as Kudid, Saccheri, Bolyai and Lobat- 
chewsky were commonly used by the pupils." 
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While those (luotations ^ive no (ictaikui (^vahiation of the 
pupils' projL^ri'Ss, they do presi»nl a pietiire of the eUuss from 
six different points of \ and ^ive some e\'idence as to the 
judgment of these mathematies majors concerning the ciuality 
of thinking; done l)y the pupils. 

KVALI ATIDN HY PUPILS 

All pupils in the school were encouraged to evaluate their 
own progress, and many of those in Class A wrote statements 
concerning values which they felt they had derived from their 
exprrieaces in this class. While the writer is consciv)Us of 
the limitations of these statements for purposes of evaluation, 
they do reveal a point of view considerably different from 
that expressed by the pupils before the work began. One has 
only to contrast these s'at(»ments with those given in the 
table on page 29 to realize that a defmite change occurred in 
the judgment of the pupils as to the value of this work. Only 
eighteen of the pupils were inclined to make this written 
evaluation. Their individual statements follow: 

1. "I can iruihfiilly say that niy course in geometry lias meant more to 
nu* ilum aii>' course in niy eleven years of school. At the hfj^inning of 
the year I dreaded the thought of geometry, but now I wouldn't have 
ruis.^ed the cour^e for an\ ihin^. It has changed my whole line of think- 
ing. Before this year I had always taken everything the people said 
for granted without examining it. but now I am able to think critically 
and to anah/e statements, and I find mxself doin^ this unconsciou.sly. 
I am much more able to think ch arl\ . I think this cuurse in geometry 
shuuld be an absolute re(juirement in e\er\- ^clu)oI for I am convinced 
that after thai penple wnuld I)e mcjre conscious of usin^ lan^ua^c 
loosely, and that their critical attituilc would end a lot of fraud in 
advertising^ and in ;joIitics." 

2, "This year's work in ^eometr>- has hatl more elYect on what I have 
done i\m\ thought out>ide of school than an\- otiier class this \ ear. It 
has nuide me critical of things I read and hear that I have never 
notiied I)elore. It has made me critiiral of the ^tatement^ I make ami 
the tiling- I do." 

.V "I feel that m\ work in geometry and the nature of proof lla^ been 
one of the most valuable experiences atul also one of the most en- 
jovabli' experiences that I ha\e had durin^j my school experii-m e*^. I 
terl this \va\- becaubc the work I have done has made an imprer>>ion 
ui)on my brain which will alTeci and aid all a>pccls of my life. Hy 
learning to think clearK and express nnself clearly I will be able to 
u^e the tinu* that is i;i\rn to me in m\ I.'fe to i{> be>t ad\antii^e." 
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4. "IVrhaps during this y^ur 1 have slunvn no ^nuit inldligonn*, or to the 
(ontrary, the hick of it. On my brain has hecn made ^ne of the deepest 
impressions it has ever received. Before this course the word 'analysis' 
held no deeper or finer meaning—it was just a word that I had used 
but it really meant nothing. My thinking has become more calm, 
although not calm enough. Now I notice sentences and think about 
their significance, I could see the basic assumptions behind state- 
ments before I took geomeirx*, but now 1 am more able tu see them 
clearly." 

5. have never in my whole school life in mathematics spent a more 
profitable year. 1 have not only learned how to prove theorems but 
also to think critically and analytically about everything in my life. 
If I hu:\ iiis't taken a course in plane geometry I believe that when I 
was finisr.cd with it I wouh! forget most of it as 'I don't plan to teach 
it or use it in any such way. Hut in this class I have learned things 
that I will never forget and will use in all areas all my life. This haj 
been an invaluable experience and any student beginning geometry 
will certainly profit, in my opinion, l)y a ,siniilar experience.*' 

6. "A the first of this year I rather .Ireaded the thought of taking geom- 
etry, but now I am very, very ^ilad 1 did. It has helped me, first, in 
that I am nior^ careful of the statements I make. The wording has 
become more important to me. Secondly, I have learned to pick (laws 
in other people's arguments and statements, which I have alwavs felt 
hopelessly incapable of, I have never before in my life enjoyed mathe- 
matics as I have this year. I don't know how much geometry I learned 
but I do know I learned what assumptions and definitions mean in the 
world around me, and what a real proof is," 

7« "I feel this year's work in geometry has made more impression on me 
than any year of mathematics I have had thus far. The reason I think 
so is that the work has been very interesting, and I have learned to go 
into detail and to say what I mean instead of just using language," 

8, "I have learned to use logical thinking to a much greaier degree than 
formerly. However, I think that you made a mistake in not men- 
tioning the fundamental assumption on which logic rests, i.e. if y(ni 
start with true assumptions and definitions, with correct logic you 
must reach a true conclusion. That assumption appears self evident; 
but there are many false statements which also appear that way." 

f), "The course in geometry is the first mathematics that I have evrr 
liked, I have found much pleasure in geometrv. At times the work 
seemed to go ahead slowly, but on looking back I attribute that to 
my impatience. This course has made me a keen listener. It has 
taught me to pick little imperfections in reasoning which [ would never 
have noticed otherwise. It has afforded a good chance to try to concpier 
my impatient attitude and above all it has taught me to reason well 
and not set up a plan that leaked like a sit-ve. It has also taught me to 
try to look through to a conclusion. I think this course valuable, not 
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because of the Reonictry nts such, bu^ the Rcometry a» stressed here will 
be a nioHt valuable contribution to my life," 

10, '^ThiH year's geometry chiss has c^ianRcd my way of thinking more 
than ur.y other influence in my life, I am not just accepting things now 
unless iheir dehnitions and assumptions coincide more or less with 
mine* Previous to this time I don't believe I really thought seriously 
enough about a certain subject or other* Mathematics has never been 
made very inleiesting to mc, and therefore I ne\er cared much about 
the study, but this year's course was most interesting and it has made 
me see the connection and bearing upon my own life," 

1 1, "This course in geometry is the first of its kind that I have ever taken 
or ever imagined. Never have I ever been instructed in the use of pure 
reasoning that !^ has given me, I find myself looking at problems in 
life dilTorently because of my knowledge of pure thinking than I did 
before I started niy geometry. In the skills of geometry I feel that our 
diss is as well prepared as any class in the city schools which mem- 
orizes the proof of propositions," 

12, "I feel that this year's work in geometry has helped me to analyze 
other phases of work, 1 1 has made me criticize things more thoroughly. 
I ha\'e always enjoyed my matliematics work and this year has been 
especially interesting, 1 have recognized the looseness of our language 
and I hope I have improved in m>' use of it," 

l,V "The work in ceometry ha; helped me a lot in other heldu, I simply 
delight in analvzing statcn*ents made by my friends, and advertise- 
ments. I've enjoyed tiMs vear of geometry more than any other year 
of mathematics. This class has changed my whole method of thinking 
out problems, and I'm not likely to forget it." 

14, "This \ear I came to school expecting to hale geometry but happily 
niy expectations weren't fulfilled. This year's work in geometry has 
made m\' powers to reason much better. I liave learned to go behind 
statements and pick out the assumptions and to draw true conclusions. 
The words assumption, oehnition and conclusion have a new meaning 
to me. Whenever I hear them my mind jumps to this class. I can 
truthfully say that I have got more from this course than from any 
other ot)iirsc this year with the exception of French, although in French 
Fve just learned facts. Now Tm mure careful about what I can believe 
in a statement." 

15. "I think I have bejmr ♦'^ tl.iok things out more clearly since I have 
been taking this course. It has made me realize how loosely many 
argiinu»nts are constructed. The onl\- thing 1 regret is that I don't 
think ( have worked or thought Inrd enough on those things. It has 
lu'lped mi* in other snbjeci.s too." 

U). "I feci that I have accotnpli.sluul more in this class this \ car than in 
any uf my other classes. I used to hate any kind of mathematics. 
Since h*ive heeti here n\y interest has increased ttiany fold. I feel 
tliat this year has been tlu* best of all. Learning to do critical thinking 
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a8 wc have been doing has, I think, done ^vendors for me, Nearly every 
time I read anything I uneonsriously try to pick out assumption's 
behind it, Now when I read adN'ertisements they .seem so weak and 
sometimes I wonder why they never seemed so before, I have enjoyed 
coming to chiss and working here more than I thought I ever could. 
After haling mathematics as I used to and now liking it so, I feel that 
I have found something which has made and will make mv life more 
full." 

17. "Last year before school started, I used to think about geometry, and 
how so many people hated and dreaded the thought of taking it. To 
my great surprise I found it to be my most interesting period, and it 
wasn't because I am mathematically inclined, but rather, because of 
the way it was taught with reference to outside life. And now when 
I think about the many years that I had hardly known geometry 
existed, I wonder how I ever got along. I feel that this work in geom- 
etry has helped me so much, not only in making assumptions in school 
but also in conversing outside of school." 

18. "This has been, I think, the most interesting study I ha\e had this 
.year, I know I got the most out of it for it has made me more critical 
of statements made by people and of advertisements, I liked the work 
in geometry very much and I wish there had been more of it. When 
you gave us statements to analyze for the a.^isumptions on which they 
were based I don't think you should have counted olT for an assump- 
tion you thought was not right, I don't see how you could because w? 
all don't think as you do.'* 

According to Or. Ralph W. Tyler, ''The first problem" 
in making this kind of an evaluation **is to get some e\'icicnce 
with reference to these so-called ^intangible' objectives, A 
later problem is to refine this e\'idence and make it more 
exact. There is no use to attack the second problem first. 
We cannot develop refined measures until we have first de- 
vised ways of collecting some objective evidence, even though 
th. y are crude. , , , By a careful study of boys and girls and 
a record of their behavior in a variety of situations, it is often 
possible to discover a few indicative situations in which one 
may get a clear picture of the development of that boy or girl 
without having to study him in all the possible situations of 
life.'*^ 

The writer frankly recognizes that this evaluation does not 
mak( use of (^onventional objective devices for measurement 
which some may consider desirable. It is. however, the result 

• Ralph \V. Tyler, op cit,, p. 15. 
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of an honest effort to secure evidence concerning important 
outcomes which no standardized tests will measure, and it 
seems more valuable to secure some evidence, however crude, 
about outcomes that are important than to secure the most 
refmed evidence about outcomes that are relatively un- 
important. 



(IIAPTKR \ I 



a EX ERA L SUM MAR y 

Ti-;.\cnKRs of niathcniatics agroc;, at least vorbaliy, that 
the most important ri-abon for teaching demonstrative 
geometry is to aeciiiaint the pupils with certain ideas related 
to the nature of detiiictive proof and to make them familiar 
with postulutional thinking as a general method of thought. 
While these purposes are generally recognized as valid from 
the standpoint of general education, there is serious question 
concerning the extent to which they are realized through the 
usual ccnirse in thivS subject. The theorems are not important 
in themselves. It is the nietliod by which they arc established 
that is important, and in this study geometric theorems arc 
used only for the purpose of illustrating this method. The 
procedures used arc dcriverl from four l)asic assumptions: 

1. That a senior high school student has reasoned and rea- 
soned accurately before he begins the study of demonstra- 
tive geometry. 

2. That he should have the oppf)rtunity to reason about the 
subject matter of geometry in his own way. 

3. That the logical processes which should guide the develop- 
ment of the work should be those of the student and not 
those of the teacher. 

4. That opi)ortunity be provided for the application of the 
postulational method to non-mathematical material. 

Nf)n-mathematical situations oi interest to the pupils were 
used tt) introduce them to the importance of definition and to 
the^ fact that C(jncIusions depend on assumptions, many of 
which are often unrecognized. To make definitions ynd 
assumpticns and to investigate their implications is to have 
firsthand t xi)erience with the method of mathematics. 'I'he 
concejjts ()f space were accepted as the content with which 
these definitims and assumptions would deal, and the pupils 
were encouraged to think about this content in their own way. 
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In an effort to agroe on thv (lefinition of certain concepts the 
necessity for undefined terms was recognized. 

The following general procedures are implieit in the illus- 
trations of Chapter III : 

1. No general text was used. Each pupil developed his own 
text and was given the opportunity to develop it in his 
own way. 

2. The undefined terms were selected by the pupils. 

3. No attempt \yas made to reduce the number of undefined 
terms to a minimum. 

4. The terms needing definition were selected by the pupils 
and the definitions were an outgrowth of the work rather 
than the basis for it. 

5. Definitioirs were made by the pupils. Loose and ambig- 
uous statements were refined and improved by criticisms 
and suggestions until they were accepted by all pupils. 

6. Propositions which seemed obvious to the pupils w^ere 
accepted as assumptions. 

7. These assumptions were made by the pupils and were 
recognized by them as the protluct of their own thinking. 

8. Xo attempt was made to reduce the number of assump- 
tions to a minimum. 

9. The detection of implicit or tacit assumptions was en- 
couraged and recognized as important. 

10. Xo statement of anything to be proved is given the pupil. 
Certain properties of a figure are assumed and the pupil 
is encouraged to discover the implications of these as- 
sumed properties. 

11. Xo generalized statement is made before the pupil has 
had an opi)ortunity to think about the implications of 
the particular properties assumed. This generalization is 
made by the pupil after he has himself discovered it. 

12. Through the assumptions made the attention of all 
pupils is directed toward the discovery of a few theorems 
which seem important to the teacher. 

13. Assumptions leading to theorems that arc relatively 
unimportant are suggested in mimeographed material 
which is available to all pupils but not required of any. 
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14. Matters of common concern such as the selection of un- 
defined terms, the making of definitions, the statement 
of assumptions and the generalizing of an implication 
are topics for general discussion while periods of super- 
vised study provide for individual guidance. 

15. The major emphasis is not on the theorems proved but 
rather on the method of proof. This method is generalized 
and applied to non-mathematical situations. 

Illustrative exercises dealing with the analysis of non- 
mathematical material are given in Chapter III. Outcomes 
related to geometric content are given in Chapter IV; these 
outcomes vary with the individual pupil although all pupils 
had a common background of the twenty-one theorems given 
on page 92. 

From the results of the evaluation it is probably safe to 
make the following generalizations: 

1. Mathematical method illustrated by a small number of 
theorems yields a control of the subject matter of geom- 
etry at least equal to that obtained from the usual formal 
course. 

2. By following the procedures outlined in Chapter III it is 
possible to improve the reflective thinking of secondary 
school pupils. 

3. This improvement in the pupil's ability for reflective 
thinking is general in character ant! transfers to a variety 
of situations. 

4. The usual formal course in demonstrative geometry does 
not improve the reflective thinking of the pupils. 

PROHLICMS FOR FURTHER STl'DY 

It is the opinion of the writer that the study of proof should 
not be considered as a course which a pujjil begins at a certain 
point in his secondary school experience and which he com- 
pletes at the end of a given time. To encourage a i)uj)il to 
think that he understancis all there is to know about proof 
because he has had a "ccnirse" on that topic is to ignore the 
fact that even the most respected mathematicians disagree 
on what a proof is. There are, however, aspects of this impor- 
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tant tf)pic which the pupils in our secondary schools can 
understand and which, in the opinion of the writer, contribute 
effectively to the K^^neral education of these younjj people. 
The concept of proof is one concernini? which the pupil should 
have a ^rowinjj and increasinjj understanding?. It is a con- 
cept which not only pervades his work in mathematics but 
is also involv(*d in ail situations where conclusions are to be 
rearh(»d and decisions to be made. Mathematics has a unique 
contribution to make in the de\'elopment of this concept, and 
up to the present time teachers of mathematics have, in gen- 
eral, assumed that this contribution can best be made in the 
tenth year throuijh the study of demonstrative geometry. 
Thi^ practice resulting from this assumption has tended to 
isolate the concept of proof, whereas this concept may well 
serve to unify the mathematical experiences of the pupil. 
Such questions as the following are involved: 

I . What constitutes proof for different maturity levels? 

a. Can childrt^n be led to discover that when 4 and 3 are 
added the result is 7 or should they be told this result 
and be expected to memorize it? 

A. What is th(* effect of memorization in the early grades 
on the pupil's ability to think critically and independ- 
ently at later maturity levels? 

r. I low dot^s the concept of proof for a pupil in the seventh 
grade differ from that ff)r a pupil in the twelfth grade? 

d. What is the degree of complexity of situations involving 
proof that are best suited to different maturity levels? 

Thvsv arv. but sc^gnu^nts of the whole problem of proof as it 
affects the thinking of the young people in our secondary 
S(iiools. 

There have been in the past many efforts to relate* math(*- 
niati(\s to other areas of U^arning and to justify the study of 
mathematics in the senif)r high schof)l on the ground that the 
skills thus actpiired were h(*lpful in widening the educatinnal 
horizon of the pupils. While there may be s()mc' validity to 
these (^laiins. it seems to the writer that when the emphasis 
is on method rather than ni\ skills mathematics can make its 
greatest contribution to the general education of young pec;- 



THK N'ATL'RK ()!• PROOF 



121 



pie. The ability to express ideas concisely and accurately, 
the ability to abstract from a situation those qualities which 
make it different from other situations, the ability to deline 
and the ability to generalize are all recognized as ed.icational 
values which are common to many areas of learning. This 
suggests the possibility of the mathematics teacher working 
in close relation with the language teacher, the social studies 
teacher and the science teacher, each of whom emphasizes 
these \-alues from a particular point of view. The problem 
of using mathematics in the senior high school as illustrative 
of a powerful method of thought is one which calls for con- 
tinued and patient research. 

The usual tests in mathematics are designed to measure 
the degree to which the pupil controls the skills which he has 
been taught. New instruments of evaluation are needed to 
measure the degree to which the pupil controls and uses 
the method of thought with which he has become acciuainted 
through the study (;f proof. Much progress has already been 
made in this direction through a comprehensi\-e evaluation 
program which is being directed by Dr. Ralph W. Tyler of 
Ohio State University. Objective tests dealing with certain 
aspects of proof hax'e been constructed and are now available. 
Others are in process of i)reparation. Through wide use of 
tests such as these, followed by a careful study of results, 
worth-while \-alues are likely to receive more emphasis than 
at present, instruction will become more effective, the tests 
themselves will be imjjroved an .1 a more comprehenb' ve pro- 
gram of evaluation will be possible. 
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PART I 

THE following test dealing with the ability of the pupil 
to analyze non-mathematical material was given to the 
pupils in classes A, B, C, and D. I'he results of this test are 
shown in Table lo, page 103. 

1. (ieorge came home early from glee club practice at school and picked 
up the newspaper. In one of the advertisements he saw a picture of 
Bing Crosby and a package of Old Gold cigarettes. Beneath ;he picture 
was this statement, 

*'My Throat Is My Fortune. . . . That's Why 
I Smoke Old CJolds." says Bing Crosby. 

What facts would have to be proved before this advertisement would 
influence you to smoke Old Golds? List these facts in the space below. 

(Space was left here for this purpose.) 

2. Before an election each political party plans and publishes its program. 
Each program expresses the attitude and plans of that political party if 
its candidates are elected. These programs help the voters in deciding 
for whom they will vote at the election. Any party program contains 
certain key words which should !)e defined before the program can be 
clearly understood. Below is a part of one political party's program on 
the Attitude of (Government. Read through this part of the program 
and select the important words which you think should be clearly de- 
fined in order really to understand the program. Write those words in 
the space below. 

** Attitude of (n)vernment" 
**We propose that the state of Ohio shall be run in the interests of 
tlie taxpa\-ers and working people, farmers, and our legitimate busi- 
ness institutions. Political bosses will not be permitted to control 
the operations of the state government. We are definitely com- 
mitted to a state program conducted exclusively in the interests of 
the masses. We pledge ourselves to three general principles: 
'* First: a prompt, businesslike, economical administration. 
''Second: the spirit of genuine service to the public through all the 
departments of the state government. 

•'Third: a sympathetic understanding of the problems of the people, 
and a thoroughly human program to meet these problems ijisofar 
ao government may be able to do so." 
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On the lines helow write the inipurtant w^rds i)r phrases which you think 
should he clearly dehiied in order to really undurstand this political 
program. 

(Space was left for this purpose.) 

The following quotation was taken from an article published in a maga- 
zine, kuad it and pick out the main topic that the author has written 
about and the main ideas whicli he has stated relative to the main topic. 

"The people of Ohio have always rejjarded public education as a 
matter of imrainount importance. Tlie pioneers who framed Ohio's 
tirst Constitution in 1S02 incorporated therein a declaration from 
the Ordinance of 17S7: 'Religion, morality, and knowledge being 
necessary to good government and the happiness of mankind, schools 
and the means of education shall forever be encouraged.' 
"In our present fundamental law, the Constitution adopted in 1851, 
education is declared in no uncertain terms to be a function of the 
State government. Section 2 of Article VI reads as follows: The 
(General .Assembly shall make such provisions, by taxation or other- 
wise, as will secure a thorough and efticient system of common schools 
throughout the state.* 

"Today Ohio's educational system is a makeshift. Sdiool funds in 
many districts barely suffice for a few months* term at most. Teach- 
ers are frequently employed on a three or four-month contract, and 
their salaries often remain un|)aid for many months. The laborer is 
worthy of his hire, and wages should be paid when wages are due. 
Tliere should never be an unpaid teacher in Ohio. There should 
never be a closed school house in Ohio during the regular school term. 
"In my opinion, education is a primary function of the state, just 
as the protection of life, property, and public health are primary- 
functions. Protection must necessarily come first, because without 
protection of life and property there is no government; b.it educa- 
tion should come ne.\t, because without education popular govern- 
ment cannot long endure, (iood roads, for example, ate necessary 
and should be economically built and maintained; but schools come 
before roads, because education is a primary function of government. 
Many other objects of e.xpenditure besides roads are often given prec- 
edence over educational expenditures. This policy is wrong; govern- 
ment should first discharge its primary functions, no expenditures 
except thosu for protection should have precedence over those for 
education. ** 

What is the main topic that the author has written about? 

(Space was left for answer.) 

\V!»at are the main ideas which he has stated relative to this main topic? 
W rite them liere. 

(Spme was left for tip's purpose.) 
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4. MarRarei's family liavu rt-iiiarked Ofcasionally about how thin her 
brother Hill is. One day while reading the newspaper Margaret noticed 
some earto(>ns showing a thin man. The cartoons also showed that a 
physician gave the thin man some *'Ironized \'east " to eat regularly. 
At the end of three months he weighed more and was no longer thin. 
Margaret showed this to her brother and told him that he ought to eat 
*'Ironi^ed N'east" so tluit he woulcl get stouter. 

What facts would ha\'e to he proved before you would believe tliat if 
Bill followed .Margaret's advice, he would get stouter? W rite them here. 

{Space was left for this purpose.) 

Bill's family evidently wish him to get stouter. Show how good you think 
Margaret's advice for making liill stouter is by rating it, excellent, good, 
fair, poor, or very poor, wliicliever word describes it best. 

Rating _^ 



5. While reading a handbill advertisement of a clothing store, Mary noticed 
this statement: We sell standard goods for less tlian our competitors 
do, because our store is not in the liigh rent district.'* 

Below is a list of nine statements. In tlie first column of parentheses, 
place a plus mark after each statement which you think is taken for 
granted in the advertisement. 

Col. I Cob 2 

a. Our competitors charge more than we do for 

standard goods. ( ) ( ) 

b. It is necessary for a store to cliarge more for its 

goods as tlie rent increases. ( ) ( ) 

r. The only inlluence which c.iuses the same goods 

to be sold at different prices is the cost of rent. ( ) ( ) 

tl. We charge less for all standard goods, ( ) ( ) 

e, A store which sells for cash can charge le^s for its 

goods. ( ) ( ) 

/. All our competitors are in the high rent district. ( ) ( ) 
g. Our volume of business permits us to undersell 

our competitors. ( ) ( ) 

//. We always sell as low as we can. ( ) ( ) 

"Standard goods" give evidence about the (jual- 

ity of the goods. ( ) ( ) 

Read the statements again and in the second column of parentheses, place 
a plus mark ( + ) after each ^tatement which is taken for granted in the 
ad^erti^enlent and which \ ou believe is pr«)bably true. 

riace a minus mark {-) in tlu- parenthe:;es after each of the statements 
which is taken for granted in the advertisement but wliich you think 
is probably not true. 
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The following test in formal geometry was prepared by 
the teacher of class B and was given to both classes A and 
B at the end of the first year; 

1. Two ri^lit triangles are congruent if a side and an acute angle of one tri- 
angle are etiual respectively to a side and an acute angle of the other. 

2. If two angles of a triangle are etiual, the sides opposite the angles are 
equal and tl)e trianc^le is isosceles. 

3. If one pair of opposite sides of a quadrilateral are ocpiul and parallel, 
the (juadrilateral is a parallelogram. 

4. If the diagonals of a quadrilateral bisect each other, the figure is a paral- 
lelogram. 

5. Construct a line making an angle of 60° with a given line. 

6. If the base BC of an isosceles triangle ^IZ^Cis extended so that BD equals 
CKf then angle ^IDB equals angle A EC, 

7. The lines connecting the mid-points of the sides of a quadrilateral is a 
parallelogram, 

8. In the parallelogram ABCD, DC and BA are produced equal lengths to 
F and li respectively. Prove that EF bisects the diagonal DB, 

A copy of the April, 1936, Ohio Every Pupil Test* in plane 
geometry is shown in the accompanying insert. 

PART II 

Reference was previously made to papers which the stu- 
dents prepared on *'The Evolution of Proof/* The mathe- 
matics teacher with the assistance of the English teacher 
selected two of the best, two which were considered average 
in quality, and two which were poorest in quality. These 
six papers are presented here, just as they were written by 
the pupils. 

I. THE Slu.XRCH FOR TRITH 
(A Pageant) 

(The Stage is dork. From the darkness comes the voice of truth) 
Truth— I am truth. I am everywhere, yet you have never found me. 
I am \ our greatest potential slave, \et you have never harnessed me. 
I'ot years \*uu lived aiui died without realizing my existence or (jues- 
lionin^ me. It was not until your problems berame more complex 
that you began to search for me. This search, that be^an in ancient 
E^ypt, has continued up to the present and will not be fullilled until 
the thought of man shall become absolutely pure: without prejudice; 
without emotion. 

« 4> « * ♦ ♦ 

•Published by permission of the Ohio .Scholarbhip Tests of the State Depart- 
ment of Education, C*olumbus« Ohio. 
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I. THE SEARCH FOR TRUTH {Continued) 

(The lights come on slowly. Several Egyptian families are walking 
to the bank of the Nile after it has flooded their land.) 
ist Egyptian Man— I will have a good harvest. When the tax-collectors 
come this year I will have no fear for I will have plenty to give them 
and yet leave much for myself and my family. 

2nd Egyptian Man— You are right neighbor, the Gods have favored 
us well this year with such rich soil, but the flood was late and we must 
hurry with the crops if we want them to be harvested when the tax- 
collectors come. 

To start with let us divide our land the way it was before the flood, so 
that we will each be able to plan our fields. 

1st Egyptian Man— That will be easy. I remember well. The dividing 
hne started from the river and went to about where you are standing, 
then turned and went to where my daughter is standing and went back 
to the river. I remember the shape and size of my own field. 
2nd Egyptian Man— Not well enouLh if you think it was the size of 
the one you just cut out. Such a boundary line would give you all of 
your original land plus most of mine. The line between our fields was 
over there. 

1st Egyptian Man— You forget neighbor that my field always was larger 
than yours. If anything, the line I laid out would give you some of my 
land. 

2nd Egyptian Man— I see it now, you miserable cheat. You have been 
planning this trick to cheat me out of my land. You were not satisfied 
with what you had so you used the flood as a means to take away from 
me the little land my father gave me. But I will not let you take away 
my land, you— (he has taken from his clothes a dagger and he stabs the 
other Egyptian who falls to the ground dead). (His wife and children 
come and kneel beside him, cr>-ing.) (After a minute, one of the sons 
rises and walks away, looking towards the Nile river.) 
The Son— There must be some way to stop this foolish wastefulness of 
time and life. If only I could find the way to stop it. If only these 
farmers would agree— Why, that is the answer! Surely, it is possible 
to make these men agree on a few basic principles and from these it 
should be simple to make laws of measurement which would decide how 
men are to divide their land. I must go talk to these farmers and even 
to Amenenhit. I know these men will realize the importance to their 
own welfare to agree on these statements. And when I take these state- 
ments to Amenenhit, his scholars will be able to find the laws that 
are implied within them. 

BLOCKOUT 

Truth— That boy held within his mind one of the first great concep- 
tions of truth. That conception is agreeing to agree then producing a set 
of rules on which all sane men could agree and get the same results at 
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I. THE vSEARCH FOR TRUTH {Continued) 

all times and iu all places. To this day few men have that conception 
but those who do, think in higher planes than their fellowmen who 
still use the type of thinking employed by the Egyptian farmers years 
ago. 

That boy took his thinking to Amenenhit and his scholars. But 
these men did not have the ability to understand fully the great concept 
that boy presented to them. But Amenenhit did understand enough 
of the practical implications to have his scholars make certain mathe* 
matical laws that he wrote down. Other rulers followed his example 
and for hundreds of years man accepted the mathematical laws laid 
down by his rulers as true. What a disheartening road for the Search 
for Truth to take after such a great start, 

But, beginning about 600 B.C. man's thought again rose and reached 
its first great peak. Up to this time man had not thought to prove his 
mathematical laws, But Thales started this new concept by proving 
six very simple and practical theorems that men had been using for 
years. It was Pythagoras though, who definitely broke away from the 
practical side of the subject and reached the first great peak in the 
Searth for Truth. 

(The lights slowly come on and Pythagoras is found standing in the 
center of tl,e stage. Around him stand several men.) 
Pythagoras — I demand proof! 

One of the men — What do you mean proof? Is it not self-evident that 
these theorems are true? 

Pythagoras — What is truth? (No answer.) I can stand here and say 
that these theorems are false and you can do nothing. You have no 
weapon to fight a man that has proof. And you can have proof if you 
will but train your minds in the laws of logic. 

Men (Coming up to Pythagoras) — You are right, Pythagoras. Train 
our minds in the laws of logic. Let us establish a brotherhood. We 
shall have proof! (As they speak the mystic pentagon, the five pointed 
star, appears in the background.) 

Pythagoras — We shall lay down certain postulates which we cannot 
prove but which we shall all accept. Then a statement shall be said to 
be proved when, and only when, the statemetit follows from the postu- 
lates by an application of the rules of logic. 

BLOCKOUT 

Truth — From this beginning Pythagoras and his followers studied the 
properties of i)arullel lines, evolved a geometric algebra l)ased on 
etiuivalent areas, worked with the five regular solids, and developed a 
theory of proportion which was discarded with the discovery of incom- 
mensurable quantities. 

t « « 41 41 * 
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I. THE SEARCH FOR TRUTH {Coniimied) 

Truth— Following Pythagoras were two men who helped hold thought 
in the realm where Pythagoras had put it. Plato inscribed across the 
i iitrancc to his Academy '* Let no one ignorant of geometry enter here.** 
Aristotle made his three laws of logic; A is A; Everything is either A or 
not A; Nothing is both A and not A. These laws have been accepted 
as truths for hundreds of years and have only recently been questioned. 



Truth— At the close of this period of thought, around 300 B.C. there 

appeared a man named Euclid who thought he was helping the Search 

for Truth, but who in reality tied it up so tightly that it stopped and 

rt^mained motionless for hundreds of years, 

(The lights coire on showing Euciid seated at a table.) 

Euclid— I have much knowledge which will be lost unless I can make a 

record of it. I will make such a record that will show the findings of 

other men, that have made possible my work. These shall be my 

Elements. Thirteen Elements will completely cover all geometric 

knowledge. 

(He begins to write. As he writes the lights dim slowly. Before they 
go completely out Euclid stops writing.) 

Euclid — I have finished. The search is over. There is no geometric 
knowledge that I have not presented here. For the first time the work 
of all the great mathematicians has been presented in a logical form 
without a flaw, this is truthI 

(The lights go out.) 

(An organ begins to play a slow steady hymn. A monotonous voice 
chants, *'This is true. This is not true. This is true. This is not true, 
etc." Another one chants, "You must do this. You must not do this, 
You mist do this. You must not do this, etc." Another voice says, 
"Yours is not to question. Yours is to believe." A voice, verv softly 
at first, begins repeating, "Why? Why? Why? Why? Why? etc.'* 
It steadily increases until, with one last shout, it breaks the bonds liold- 
ing it and the organ and the other voices stop.) 

(The lights come on.) 

Truth— The bonds are broken: the search goes on! Rene Descartes 
was one of tho first men who began asking why. A rosurved. sli^^htly 
cN-niral man of the world, he spent his life struggling with many phases 
of thought. His struggling mind was magnificent and it left itK itni)rint 
on many lielfi« of thought. 

(Rene Dcwartes is found sitting' in his bed.) 

Descartes ■ Why is it not possible to devise a method which would 
prove (or disprove, if false) any known or conjectured theorem in geom- 
etry no matter how complicated, by a purely mechanical process? 
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I. THE SEARCH FOR TRUTH {Continued) 

I will rob geometry of its frozen repulaiveness and transform it into 
a living creative science. 

I shall replace verbal and logical arguments by mathematical symbols 
and mathematical operations. 

ULOCKOrX 

Truth — Men like Descartes broke the bonds and freed men's minds to 
continue the search* Again thought rose, and reached the second great 
peak. This peak was reached in 1826: the man responsible for it was 
Nikolas Ivanovitch Lobatchewsky. 

(The lights come on to their full brightness. Lobatchewsky stands 
a great pile of chains and ropes, a few of which are tied around his 
hands.) 

Lobatchewsky — I will challenge an axiom of Euclid and nothing will 
stop mc. 

Voices from under the chains — The truth of Euclid is eternal. Man has 
accepted the space of Euclid as the only space. We shall stop you from 
challenging an axiom of Euclid. 

Lobatchewsky — You can not stop me! (A pause) I say there can be 
more than one straight line drawn through a given point parallel to a 
given straight line, (Another pause.) You see, you could not stop me. 
Nothing can stop man's thought. I have made a new space. A space 
no truer than Euclid's but just as true, just as consiv^ ent, and created 
just as logically. (As Lobatchewsky speaks the cht ns that held his 
hands fall off and he stands free, at the top of the pile of chains.) 
Truth — (As he speaks more chains fall away and men appear. Men who 
now stand as Lobatchewsky, not tied by their chains but freed of them.) 
Lobatchewsky taught men to question. He taught men there was no 
absolute truth and that any axiom can be challenged. Truth" was 
replaced by ''consistency " and "human convenience." As man ques- 
tioned himself and his fellowmen the Seprch for Truth marched on 
magnificently. 

BLOCKOUT 
« 4i 4i * 4i « 

Truth — Rut, another great phase of truth, that of logic, had also lain 
dormant for years. Man had not thought to question Aristotle's three 
laws of logic. The first man to question any of these laws was Brouwer. 
(The lights come on, showing Brouwer.) 

Brouwer — I challenge Aristotle's 'Maw" of excluded middle. I do not 
believe everything is A or not A. 

HLOrKOt'T 

Truth — The second man to challenge these laws was Korzybski. 
(The lights come on showing Korzybski.) 
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1. THE SEARCH FOR TRUTH {Continued) 

Korzybski— I challenge Aristotle's **law of identity," I do not believe 
that A is always A. 

BLOCKOUT 

Truth — Aristotle's *Maw of contradiction'* has not been openly ques- 
tioned as yet. The questioning of the different laws of logic was brought 
to a peak by Jan Lucasiewicz who with A. Tarski p'iblished in 1930 a 
sufficiently full account of his "many-valued truth-systems," 

Now as man goes on to reach greater peaks in his Search for Truth 
he knows the limitations of his own powers. He knows that he can not 
find absolute truth. He knows that something is true only as long as it 
complies and fits into his civilization. 

When iT'an progressed from a state of false security and acceptance 
into a state of question, struggle and change he made a great advance 
in his Search for Truth; the Search that will continue as long as man has 
the power to think. 

2. EVOLUTION OF PROOF 

When one speaks of history or the development of an idea one usually 
assumes that prior to the first documents of the past that we have there 
was no civilization as we think of a civilization. This may be true, yet 
I think it is necessary to realize that there were many centuries during 
wh'ch men lived and thought and it may well be that the ideas we have 
now concerning proof and its evolution were considered and our 
conclusions may be merely reiterances of theirs, those ancients whose 
records were destroyed by wind and time. 

In Eg^-pt. for example, we have no knowledge of their earliest civiliza- 
tion, Tne things we do know concerning them have been gleaned from 
their papyrus and are very few. One outstanding accomplishment is 
theirs and it may be inevitable in any human society; that is: common 
agreement in matters of measurement. In other words it is necessary 
to set up rules which, when men use them, will lead all men in all places 
to the same conclusions. Of course, it is impossible for all men in all 
places to come to the same agreements and conclusions, but it is Im- 
portant that there was an attempt made in Egypt to set up such a set 
of rules. This assumption dealing with all men agreeing to certain rules 
is the major assumption back of many of our laws, if not all of them. 
The Egyptians may not h^ve realized what they were doing. Practical 
necessity drove them to this perhaps unconsciously. 

The Egyptian contribution to the logic of mankind is small in com- 
parison to that of the Greek. The Greeks realized that there was 
"deductive reasoning" at the back of all common agreements; further- 
more, that all this reasoning rests on assumptions, assumptions made 
by men but believed infallible by the Greeks. Therein lay their biggest 
fault. They acceptrd the assumptions they laid down as the only 
assumptions. They <\-ere unable to doubt. 
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The early (ireeks had two schools of reasoning; the continuous, or 
the conception of a universe in a straight line, not broken up into indi- 
vidual parts; discrete, or the belief that the universe was broken up 
into many definite pieces. These two assumptions have influenced 
thinking till the present day, e,g. the atomic theory, based on the 
discrete theory of the universe. These two schools of thought with their 
respective, conflicting assumptions demonstrate the important influence 
Oeck assumptions have had on our own philosophies. The Greeks 
believed that it was possible to construct a theory of the universe by 
deductive reasoning based on a few {or one) assumptions. They felt 
keenly the necessity for truth and they were certain that there was only 
one truth if it could be found. 

The men who left this profound influence with us were many. The 
first (Jreek to prove theorems although his object was practical rather 
than abstract, was Thales who lived from 640 to 546 d.c. He did not 
rely solely on intuition for coming to conclusions about practical 
problems. 

In or around 569 B.C. a man was born who insisted on proof. He was 
not as clear on the definition as people came to be later on but he felt 
it to be dimly this: Certain assumptions, agreed upon, which lead to 
a conclusion by the applied laws of logic. He felt subconsciously the 
great need for proof in order to reach common conclusions from the same 
set of data. Today we study a theorem called by his name, the Pythag- 
orean theorem. But his greatest achievement, assuming that the ulti- 
mate of human thinking is the power to understand men's conclusions, 
was his demand for proof, as he thought of it. 

Democritus, who lived about a century after Pythagoras, believed it 
was futile to seek a proof by finite means. It seemed to him imperative 
to consider the infinite in reaching a conclusion. 

When histories are read and studied, one is certain to come across 
the names of Aristotle and Euclid. Scientifically and mathematically 
they are the most important of the Greek philosophers. Aristotle lived 
before Euclid and he laid down the three laws of thought which were 
enough to keep people from thinking about proof, logic and truth for 
i»ooo years. These three laws were, briefly; A A» everything is either 
A or not A. nothing is both A and not A. These three assumptions 
were regarded as laws by the Greeks. 

Then in .vio n.c. Euclid was born. He lived fifty-five years and the 
assumptions he believed in during t^ose fifty-five years, three centuries 
before the birth of Christ, are the accepted assumptions in most schools 
and have Keen ever since he lived. Those that have questioned him 
have had little effect on the average person's intelligence. The fact that 
I)t'Mplo did finally fiuestion him is, however, vastly important. But 
when Kurlid lived the r;reeks accepted his assumptions as *'self evi- 
(lent " truths and they have been similarly accepted ever since. 

** nefinitions of Euclid do not always define. Axioms are not always 



THE NATURE OF PROOF 



133 



2. EVOLUTION OF PROOF (Continued) 

indemonstrable. Demonstrations require many axioms of which he is 
quite unconscious/'i Eudid wrote thirteen books and called them 
the " Elements. " They are the organization and summary of the theo- 
rems and knowledge of geometry up to that time with a few things, of 
prime importance, added by Euclid himself.* The concepts needed in 
each book were placed and defined at the beginm'ng of each book. Pos- 
tulates, or assumptions, were also placed at the beginning of each book. 
Also, he had placed near the front, ^'axioms" which were ''Self evident 
assumptions*' and therefore indisputable, according to Euclid. 

Euclid and the Greeks gave us a good many fine things, but they left 
us with the inability to think in terms of more than one cardinal assump- 
tion concerning deductive reasoning, 

After Euclid's death in 275 B.C. there is little to be told for several 
centuries. During the Middle Ages there were three gods worshipped 
by the people of Western Europe, the Christian God, Aristotle, and 
Euclid. None of these gods was to be questioned; their words, whether 
in the Bible or the Elements, were never to be doubted. 

However, from the i6th century onward there was a gradual change 
in all thinking. In the four hundred years since that century there has 
grown up not only a new conception of proof, but a new conception of 
. science, religion and life. Revolutions really began after the Dark Ages. 

Descartes was a Frenchman who lived in the i6th century, the dawn 
of reasoning. He evolved a method which would enable anyone to 
prove or disprove any known theorem by a purely mechanical process. 
He used mathematical symbols and operations instead of what had 
hitherto been used, i.e. verbal, logical arguments. 

It is a little ironical that the first man to show the discrepancies in 
Euclid*s thinking was really attempting to show the infallibility of the 
assumptions and proved conclusions of Euclid's. Saccheri was a Jesuit 
priest, who lived from 1667-1733. He had been a careful student of 
Euclid and he fe!t himself capable to clear up some of Euclid's work 
and demonstrate the truth of it. He assumed one of the postulates 
false and then proceeded to show that the conclusion became an ab- 
surdity. His work now shows that he pointed out unconsciously the 
weaknesses of Euclid. 

But it was not until the 19th century that simultaneously two men 
not only challenged Euclid, but established doubt. Bolyai, in 1823, 
announced to some friends that he had constructed a new geometry, 
with different assumptions and conclusions, which proved to be as 
logical as Euclid's. He changed one major assumption, that one which 
says one and only one line can be drawn through a point parallel to a 
given line, and a new geometry was born. 

1 KricT. Bell. The Search for Truth.p. 126. Bertrand Russell quoted. Williams 
and ^^ ilkins Co., Baltimoro. 

» \era Sanford. Short History of Mathematics, p. 269. Houghton Mifflin Co . 
Boston, 1926. 
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Almost at the same time, in Russia, Lobachevsky challenged the 
assumption that one and only one line can be drawn through a given 
point parallel to a given line. He changed the dogmatic assertions of 
truth, hitherto expressed, to words like consistency and **human 
convenience when speaking of logic and truth. Man no longer sought 
the truth of the gods, he merely sought consistency in terms of human 
assumptions. Truth became what we make it, subject to change of 
any kind. Anyone can manufacture any geometry for any purpose by 
laying down any assumptions or changing any assumptions already 
made. 

During the course of the 19th and 20th centuries several men con- 
sidered Aristotle's laws inconsistent and showed their weaknesses. The 
complete overthrow of the gods was almost complete. 

Two of Aristotle's laws had been challenged, those first two: A is A 
and ever>'thing is either A or not A. There remained only one pillar, 
the foundations of which were so firm in the Dark Ages, but which shook 
and fell when two Polish gentlemen by the names of Lucasiewicz and 
Tarski in 1930 showed that the old law of every proposition being either 
true or not true was not complete. They showed that good workable 
deductive systems can be created :n which propositions can be true or 
not true, or any other number of value, different from these. 

This brings the evolution of proof down to the present day and the 
modern concept. In stating a proposition today we take into account 
the fact that some material is given us. If such and such is true, then 
tht proposition follows by inference. All proof rests on certain unde- 
fined terms. As few as possible terms must be defined because out of 
these few workable '*undefinables" come the defined terms, the as- 
sumptions and finally the conclusion. The defined terms and the 
assumptions must, for clarity, follow from the undefined terms first 
stated and must bear directly on the proposition to be proved. Thus, 
if certain things be, then a conclusion follows. The **if" part of the 
statement and the conclusion may both be false to some ways of think- 
ing but the assertion in that form would be true. 

This, I believe, is the crux of this search. Man is limited by his own 
senses. His own assumptions co-^cerning the world about him are all 
he has. Therefore the conclusions he comes to (rom those assumptions 
may be any conclusions because each individual makes his own particu- 
lar assumptions. Truth may be found by every man because in every 
man's mind lies the truth. 
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3. CONCEPT OF PROOF TODAY 
It appears to me at the present time that there is no logical reason 
that I should attempt to do what I imagine most of the students are 
domg, for their final paper of this year. T>ey believe they are con- 
cluding their course in Geometry and the Nature of Proof, and that, in 
my estimation, is exactly what they are doing, nothing more or less. 
Tht present conception of a high school course demands that there be 
a conclusion and also a definite date for such a conclusion. I like to 
believe that I am writing another chapter in view of a closer under- 
standing of the Nature of Proof. There is no reason why the average 
student should write a paper as a conclusion to a subject. Instead each 
successive writing should open the gates of that subject a little wider to 
him and permit him to enter without as much difficulty as before. 



I. 

The history of geometry has been traced back to originating with 
the Egyptians. The Egyptians had, for the most part, only applied 
geometry, that is geometry that seemed to solve their practical prob- 
lems at hand. They accepted these solutions, evidently without much 
question, and made little attempt to prove them. 

Thales, a Greek (640-546 B.C.) studied the improved geometry of 
the Egyptians and attempted to prove some of the theorems instead 
of merely accepting them. Thales work contributed materially to 
Euclid's Eienients, about 300 years later. 

Pythagoras (572-501 B.C.) was a philosopher who worked towards 
the theory of geometry instead of the practical side. Pythagoras is 
usually credited with the discovery of the theorems concerning the 
sum of the angles of a ti "angle and of polygons. There is a doubt, 
however, in the minds of many mathematicians as to whether Pythag- 
oras was the discoverer of the theorem of the 3-4-5 right triangle, or 
not. David Eugene Smith says that the relation of the sides of a tri- 
angle was well known long before the time of Pythagoras, Documental 
evidence was found that led to the belief that the Chinese had stated 
the theorem. The Egyptians knew a similar relation and Pythag- 
orean*' numbers were used in India. The belief that Pythagoras 
proved this theorem rests solely on tradition and there exists no record 
of how he proved it. 

Euclid^s Elements are a summarization of the mathematical knowl- 
edge of his time. All geometrical proofs are given in formal form and 
are often followed by a statement of conditions under which the problem 
is impossible to prove. 

The invention of the printing press in Europe about 1480 was the 
factor which first made the works of Euclid widely known. For a time 
in the 17th century analytic geometry took much of the interest from 
the older geometry until later times. 
Many writers have attacked the 4th and 5th postulates of Euclid and 
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have attempted to demonstrate proofs for these postulates. Many 
of these demonstrated proofs were found to be fallacious. Proclus 
offered an alternate to postulate 5, i.e., through a given point only one 
parallel can be drawn to a given straight line. 

Euclid's Elements contain most of the basic theorems in elementary 
plane geometry. Most of the material in the Elements is the work of 
men oiht'r than Eulcid; in fact, Euclid contributed very little original 
work to the mathematical world. 

Before P2uclid the work with parallel lines contained many con- 
tradictions. Euclid removed these contradictions by stating his famous 
fifth postulate, i.e., straight lines, which, being in the same plane and 
being produced indefinitely in both directions do not meet one another 
in either direction. Mathematicians did not desire to accept this as a 
postulate but no one has been able to prove it as a proposition. About 
2000 years passed before men realized that this postulate was inde- 
pendent of Euclid's other definitions and assumptions. 

Non-Kuclidean geometry is any system of geometry whose postulates 
contradict those of Euclid, especially postulate number 5. 

Saccheri (1667-17.^3) was a Jesuit priest and the first to write of non- 
Euclidean geometries. It is interesting to note that he did not realize 
that he was writing on this subject. He wrote a paper which was an 
attempt to clear Euclid of the criticisms of the parallel line postulate 
and treatment of proportions. Saccheri assumed postulate 5 false and 
then showed that such an assumption was absurd. Even though some 
of Saccheri's work was inconsistent this was not discovered for over a 
hundred years. 

Rolj ai (1775^-1856) was a friend of Gauss who was making a study of 
the acute angle hypothesis.' In 1823 Janos Holyai (1802-1860) devel- 
oped a system of geometry with such conclusions as: in a plane two 
lines could be drawn through a point parallel to a given line; and tha^ 
through this point an infinite number of lines might be drawn lying in 
the angk between the first two and having the property that they would 
not intersect the given line. Obviously this theorem was in contrast 
with Euclid but it was considered equally logical. 

Nicolai Ivanovitch Lnbachevsky (179.^-1856) was an oliscure Rus- 
sian who was working on acute angle geometrx .* His work was not 
translated until 1S40. Ciauss was so interested in his work that he 
thought of studying Russian in order to read the other works of Lo- 
harhevsky. 

Rieniann (1826-1866) developed a geometry in which all lines were 
of finite length. Any pair of lines intersected if they lay in the same 
plane, and the sum of the angles of a triangle was greater than two 
right angles. .Xs Hell states for over 2000 years Euclid had geometry 
bog-titnl so tliat no one thought of any other system. We must realize 

* Vera Sanford. A Short History of Mathematics. "Acute Angle Hypothesis." 
Bolyai. p. 279. I.obachevsky . p. 280. Saccheri. pp. 276-277. 
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that Euclidean and non-Euclidean geometries are equally logical and 
both give results much more accurate than the accuracy of our measure- 
ments, if such a procedure could be possible, 

II 

It seems to me that generall> there is no concept of proof today among 
most of our population; by that I mean there is a concept of proof but 
most people don't know it. This can be readily illustrated if you ask 
the average person, for instance, why a certain statement is true. That 
person will say it is true because it is. He doesn't know why it is true 
and there is little hope for him to develop a logical proof to show that 
it is true. Many persons can give what they call a proof but the lay- 
men c:3n usually punch holes in each other's proof. Consequently 
this would make it simple for a logician to tear such an illogical proof 
to bits. 

While in Paris, I told a French Ford dealer that we owned an Amer- 
ican Ford. He looked at me strangely as if I had just emerged from an 
institution and told me that all Fords were English and made in Eng- 
land. What was I to say? All t le arguuig that I could undertake in 
French would not persuade him to my belief. My proof was lacking, 
no logical argument could help. My only possible proof would be his 
education. I dropped the subject and by so doing I assumed that 
sometime he would be educated of that fact. I suggest this procedure 
as a means of evading proof in cases where it is not needed at the 
moment. One can either trust to luck that the person will become 
educated to certain facts or one can bring about such education by 
indirect methods. Besides using indirect education as a way of proving 
facts, it can also be well used to prove or at least show the existence of 
some assumptions. While a person is in an argument he will rarely be 
satisfied to drop the subject and hope the other person or persons will 
find out later that he was right. It is human nature to turn an argu- 
ment into a quibble, and then into warfare. We must not lose control 
of ourselves but must be satisfied to stop some arguments without 
having reached any conclusion. It starts with people in the home 
getting into a hot argument and ends up with nations losing their 
tempers and fighting. The worst of it is that after the fight is all over 
no conclusions are reached. Usually you are right back where you 
started from and eagerly waiting to start all over again. Nothing is 
settled and nothing is proved. There is where education comes in. If 
people were logically educated, that is progressively educated, they 
could handle a logical argument and know when to present one, also 
know when not to bother with presenting one. 

I sincerely believe that schools such as ours are on the right track 
towards a logical education. We are by no means perfect yet, if ever, 
but we are prugressing! 
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4. THE EVOLUTION OF PROOF 

Proof, as it is known today, has come through many centuries of 
evolutionary thought and experiment done by men in many places on 
this world. 

The Egyptians, some four or five thousand years ago, were probably 
the first people to use geometry as a method of solving practical con- 
struction problems. In doing this, they laid the foundation for the 
great structure of abstract proof, started principally by the Greeks. 

Thales, between 640 and 546 B.C., studied the applied geometry of 
the Egyptians, and proved, by abstract and logical thought, many of 
the geometric theorems which the people of Egypt had used for practical 
purposes. His lack of contentment to accept these theorems on the 
basis of intuition or experiment was what started the "ball of proof*' 
rolling. 

Thales was more concerned with geometry of lines than with that of 
areas, the latter being used, as formulas, by the Egyptians. He founded 
the geometry of lines, and ult-hough he rsc d abstract thinking to prove 
his theorems, he had many practical ends in view. 

The first philosopher to make the study of geometry a part of a liberal 
education was Pythagoras, 572-501 B.C. He definitely broke away 
from the practical side of the subject. Pythagoras and his followers, 
who called themselves the Pythagoreans, discovered and proved many 
valuable theorems. Among them were those relating to the sum of the 
angles in a triangle, and also the famous Pythagorean Theorem. How- 
ever, there is some doubt as to whether the Pythagoreans were the first 
to discover thk hypothesis or not, but the credit for the gene'-al theorem 
rightly belongs to them. They were the first to use geometry to express 
relationships between quantities, and Pythagoras had established 
proportions, but these, it was discovered, were only valid in the cases 
of commensurable magnitudes. 

The period between Pythagoras and Plato was a very active one along 
mathemati'ral lines, much thought and experiment being brought about 
by the innuTierable attempts to solve the three famous problems, tlie 
trisection of an angle, the duplication of the cube, and the quadrature 
of the circle. 

.•\lthough Plato, 429^347 B-c. is better remembered for other phases 
of his philosophies, he played a;i important part in the development of 
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the geometric proof of his time. Plato wrote over the entrance to his 
school, *'Let no one who is unac(|uainted with geometry enter here." 

Euclid, whose name is n)ust immediuteh- connected with geometrN', 
even toda\ , was born about .V)5 n.c. He wrote his Elements during the 
period from .VV) to .^20 h.c. He was extraordinarily skillful in arranging 
in an orderh- and logical manner the mathematics of his day, dearh- 
stating his definitions, assumptions-postulates, etc. Very few of the 
separate proofs were l)is own, but his power to organize and systematize 
all the available knowledge of niathematics, not only geometry, entitles 
him to the high .)lace which he holds, even today. In spite of this, it 
seems somewhat evident today that Euclid considered his assumptions 
the onK- logical ones, and his resultant conclusions as equally singular 
and logical. When one realizes that Euclid did not consider other 
assumptions than those which seemed to I)e l)')rne out by "apparency, " 
it is obvious that there is some room for doubt as to the "absolute 
truth** of his conclusions. 

Although the (ireeks did not consider the many phases and concepts 
of a proof that we now do, they nevertheless had, by the time of Kucfid, 
established the im(K)rtance of abstract thinking and proving in the 
intellectual life of man. 
jriie Romans seemed soniewhat content to leave che so-called ab- 
stract philosophies*' to the (Ireeks and a few scholars, and generally u>e 
the more f)ractical aspects of geometry in their construction (and de- 
struction) work, niuch as did the Egyptians. 
^ In Europe, throughout the Middle Ages very little was known of 
Euclid outsifie of a fu* • scattered monasteries, universities, and other 
places of knowledge and learning. Probal)ly more was known at that 
time about the field of denionstrative geonietry by the Arab?, than by 
the Europeans, as the\- had been among the first to have the Elements 
translated into their language. 

Tntil the early part of the soventeenili century, ahnost all of the 
people wlu) knew anything about abstract pmof were content to accent 
the Euclidean geometry, nut contchting its "complete and absolute 
validity. 

Saccheri, if>^')7" 1 7.W a Jesuit priest, in attempting tt) fore\-er end the 
ver>' few I)ut irritating criticisms of luidicrs fifth pt)stulate (through a 
given point, one and t)nly one straight line may be drawn parallel to a 
given line) unwittingly made known the possibility of h)rn)s of geom- 
etry other than I'-uclidean. 

In the latter part of the eighteenth century, a Hungarian. Holyai, 
and his son. Janos. by (juestioning the eternal validity of this tifth lui- 
clidean postulate, established an entirely new "world" of geometry. 
At the same time ir; Russia, a man called I.obachevsky practicali\- 
duplicated the reason. ng of the IU)lyais. One of the '^amazing*' con- 
clusions reached b\- these men with their new !)asis for logical thought, 
was that the sum of the angles of a triangle is less than ixo degrees. n<jt 
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llic sum uf two right angles or iKo"*, as the Eudidean geometry had 
concluded. 

Another new "world" of geometry, not considered by either the 
Ikilyais or I.obachevsky, was discovered by u Ciernian, Riemann. It 
^rows out of the same questionable Euclidean postulate as did the otlier, 
but in the case of the sum of the angles of a triangle, the conclusions of 
Riemann were exactly the opposite of those of the other men! Rie- 
mann, through his process of reasoning, found the sum of the angles of 
a triangle to be more than kSo degrees. The discovery of this geometry 
was undoubtedly delayed by the retention of the Euclidean postulate 
concerning the length of straight lines. 

It must be pointed out that these three geometries have been found 
to be ecjually logical in their abstract thought. The main reason for 
the Kuclideiin geometry's being so much more widely taught and used 
is that Euclid's assumptions, /or the most part, are more readily borne 
out by practical experience. Hut in the light of pure abstract and logical 
proof, where the senses and environments are discounted, the assump- 
tions of all three geometries are valid. Only in their assumptions and 
definitions do these geometries dilTer and the logical process of thought 
is present in all three. 

Truly, the chief contribution of men such as Bolyai, Riemann and 
I.obachevsky has been to show that a conclusion, or a whole system of 
logic for that matter, is only true to the extent to which one accepts its 
basic assumptions and definitions as valid. There certainly can be 
no absolute truth wh'?n the truth of a truth itself hinges upon so many 
variaijle factors. 

To the writer, proof today is not conceived of as being limited solely 
to the area of geometry, but is a process of logical argument, wliich is 
carried on with the basic md of certain assumptions and definitions, 
and may have as its subject any, or almost any phase of human thought. 
It is extremely important, however, to point out again that this proof, 
irregardless of the subject, is directly dependent upon its primary 
assumptions and definitions for its conclusions or point of view, and it 
will be acce[ned only when the thinking person who accepts it agrees 
with its assumptions and definitions. 
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5. E\ OI.UTION OF PROOF 

i^efore the time of r>oo h.c. there was no proof what-so-ever. Mathe- 
niaiio was u^rd rnnvtantly })y the Egyptians when building their [jyru- 
mi(i^, but ihey ditl not attempt to prove their conclusions. 
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5. EX'oi.rnox or i'roop [Conihumi) 

'1 hales, a Greek philosopher who lived from 640-546 h.c, was the 
first to use demonstrative geometry. He studied the applied geometry 
of the hgyptians and started to prove the propoijitions instead of accept- 
ing them on the basis of intuition or experiment. I le founded the geom- 
etry of lines and laid the foundation of algebra for he estaljlished an 
equation in the true sense of the word, Hi also laid the foundation of 
the methods of measurement of heights and distances. He accom- 
plished a great deal in the field of astronomy. 

Pythagoras (57-? 5oi h.c.) also a Clreek philosopher was che first 
man to make the study of ge(mietry a part of lil;eral education. He 
had a great many followers which united to form the TyJiagoreans 
which were the first to use geometry to express the relationship between 
quantities, 'fheir definition of proi)ortion applied onlv to commensur- 
able lines. Their entire concept was discarded when incommensurable 
lines were discovered to exist, only to be revived when Pludoxus formu- 
lated a definition applicable to all cases. 

There was great activity in the t\ i\d of geometry from the time of 
Pythagoras to Plato. Important nicthematicians around that time 
(500-400 H.c.) were; 

Hippocrates who tried to square the circle and was the first to write 
a systematic treatment of geometry. 

Anaxagoras who also worked with sciuaring the circle. 

Hippias who worked with the trisection of an angle. 

Theodorous who showed that the stpiare roots of 3. 5, 7 ... j-* 
were irrational. ' ' ' 

Democritus worked with propositions regarding the volume of cones 
and i)yramids. 

Archytas classified the iour mathematit^al stMenres, geometr>*, arith- 
metic, astronomy and music. Healso worked with duplication the rube. 

Around this time many men were concerned with the three great 
problems of geometry which have- never l»een solved hv geometry. 
Thes* problems are: the trisection of an angle, the duplication of 'a 
cube, and stjuaring a circle. 

^ Kuclid who lived around .^00 h.c. is om of the most important men 
in geometry. He taught at Alexandria and then wrote his famous books 
the "Klements." His concepts arc defined at tlie beginning of each 
of his thirteen botjks. his postulates and **a\i(jms'* are staled. Kach 
proof is given in standardized form. He contributed lllile in the way 
of subject^ matter although that was of prime impcjriance. His work 
became widely known after the invention of printing. 

.\(m-ICurlidean ( ieonietry 

XonTCuclidean geometry i.^any system of getjmetrv wlujse postulates 
contradict those u\ l-luclid. although it is usually tluniVdit uf as di.sagree- 
ing with Pludid's fifth postulate, that of '*(jne and only one line can be 
drawn parallel to a given line through a given point/* 
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. EVOI.irnON OF proof (Continued) 

Sacdu'ri, a Jesuit priest was tlie Hrsi to deal wiih non-Euclidean 
^conielrirs. I le wa.s a brilliant Italian leaclier with a remarkable mem- 
ory. He failed to l)e the I'uunder of non-Kuclidean geunieiry beeause 
he did nut perceive llie possible trulli of his non-Kuclidean liN poilieses. 
Sacclieri Umk Kuclid's famous postulate 5 and assumed it to be false. 
From this he (h'veloped tlie acute angle and obtuse angle li\-potlieses, 

Hol\-aI (1775- i^»5^>) a Hungarian and liis son Janos (iSoj iHUo) 
de\el(iped a new system of geometry on acute angle hypothesis and 
the\- niadesucli conclusions as: in a plane, instead of one line, two lines 
CDuld be drawn througli a point parallel to a given line and through 
this point an infinite number of lines might be drawn l\-ing in tlie angle 
between the first two and having the propert\- tlial tliey would not 
intersect tlie given line. 

I.iihachewsky ( I7g.V-l^^5^>) ^ Russian, lectured on the acute angle 
genmetr\- at the TniversitN' of Kazan. He was one of the hrst thinkers 
Ui appl\' a critical treatment to ihe fundamental axioms of geometry. 

kienumn, a (lerman (iH2(y-iH()()) also worked on the obtuse angle 
hxpoihesis. He developed a geometry in wliich all lines were of finite 
length and an\' pair of lines intersected if the\* lay in the same plane, 
and the sum of the angles of a triangle is greater than iSo°. 

An^ilylic geDinetry was created by Rene Descartes and Pierre de 
l-\'rnuit. two I'Veiichnien. The two main ideas involved are the location 
ui points in a figure by the use of co-ordinates and the algebraic repre- 
sentation of a curve or surface by an eijuaticn involving two or three 
variables. 

The concept of proof todaj* is that all of our doctrines are built up on 
assunifuions. definitions and undefined terms and because people's 
a>sunipiii)ns and definitions dilTer they disagree in their beliefs. In our 
concept there is no absolute truth but a doctrine is true within the limits 
of its ussunipiions. 

In Dur study of the nature of proof we have tried to discover the 
underK iiig assumptions and words that need to l)e defined b(»fore an 
understanding can be reached in our propositions and those of others. 

6. K\'OLr riON OF PROOF 

l)eiiu)nsiration geometry started with Tliales. an ancient (^reek of 
about (u)i) H.f. Before Tliales the geometry of tlie (ireeks was merely 
intuitit)!!. He discovered six theorems and their proofs. He was famous 
for fniding the lieight (jf a |)\Tamid from its shadow and a ship's distance 
from shore. He also made the calculation foi the length of a year. 
None of Tliales' the(irenis were ever written by him. All of his proofs 
were varied in their subject matter. 

Around 57J a.r. Pythagoras started the stud\* of geonietr\' in liberal 
education. He restrained his study to triangles and polygons. He is 
famous for the theorem that the s(|uare of the hypotenust? of a right 
triangle etpials the sum of the scpiares of the other two sides. 
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0. E\'()l.l"TION 01' PKOUK {Coutinaed) 

Kuclid a (Ireek of al)()ul .^00 ij.c. wrote his tlemetits. Hu taught 
at Alexandria. His Klunients'' were supposed to be purelv KC'Dinelry, 
but they also contain algebra. Euclid wrote his •'Klements" in very 
formal style for tlie highly educated of those days. Kuclid had thirteen 
books in his 'M^lemcnts." Ills book is known as the oldest textbook 
still in use toda>'. Kuclid also wrote around twenty. five other ^vo- 
metric propositions on the celestial sphere. As I have mentioned the 
early geometry was merely symmetric figures in a mat, and not until 
Thales did proof by deductive rea.^aning exist 

In 1500 n.c. geometry first written down. In China writings 
were found showing they knew the relationship of certain right angle 
triangles. Hut no proofs were found for these. China however never 
contributed to the world in the way of geometry. 

In India were found many Ormulaled rules, but the thinking was 
all empirical. The Romans wanted geometry only for tl^e use of lay. 
ing out cities and engineering projwv.LS. 

Tlie Ciieeks were tlie originators of geometry and the\' were the people 
to encourage and build it up. Through Thales' clear demonstrations 
that he gave for lack of hib the»)remr ' ^ laid the blame of so many be- 
coming interested in geometry. C- .letry was the Cireek's main 
mathematics. 

The Arabs read and translated the Greek geometry, but mac'2 no 
contributions. Geometry came into study by degrees, in 510 Moethius, 
in 1000 C;erbert, and in 1220 Fibonacci brought geometry back into 
the rage during each of their lives. 

After printing was invented Eucli^.'s book was widely put into use. 

Euclid's assumption on parallel lines was disagreed with by many in- 
terested mathematicians and haccheri investigated this, his work aided 
Lobnchevsky. I.obachevsky believed that through a given point more 
than one parallel linc may be drawn to a given line. Holyai and I.obach- 
evsky were working the same una* on this theorem. Riemann was the 
next outstanding contributor. He favored analytic geometry, suggest- 
ing a negative curvature. This dilTered from Kuclid and Holyai. 

In i8ih Century 

In Germany men such as lIeill)ronner gave great attention to tlie 
science of mathematics. 

In France was Jean Ktienne Montucla who wrote on the history of 
mathematics. 

In 19th Century 

An Italian named Franchini who was a famous teacher and who wrote 
a little on the history of mathematics. 

Arneth a German was a teacher and historian. Hermann Haukel 
was classed as great and would have done a valuable piece of work had 
he lived long enough to complete the work he started f)n tlie history 
of all mathematics. He was also 0 --.at translator. 
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(K EV'Ol.rTlON or proof (ContiuueJ) 

In this centuiN* Di^nmark possessed a prominent historian by the 
name of 'IVuiIumu He wrote on (Ireek mathematics. 

Hritain also protliia'd a writer Allinan, he wrote tlie Clreek history 
of Thales. I lis work wa;i unsurpassed until U)J4 by Sir Thomas Heath. 
The modern eoneopt of proof is based on undelined terms and assump- 
tions, aiul any assumptitjus ma\' be made. 
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